
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 347, Number 1, January 1995

CONORMAL AND PIECEWISE SMOOTH SOLUTIONS
TO QUASILINEAR WAVE EQUATIONS

SEONG JOO KANG

Abstract. In this paper, we show first that if a solution u of the equation

i*2(l, x, u, Du, D)u = f{t, x,u, Du), where Pi{t, x,u, Du, D) is a sec-

ond order strictly hyperbolic quasilinear operator, is conormal with respect to

a single characteristic hypersurface S of Pi in the past and S is smooth in

the past, then S is smooth and u is conormal with respect to S for all time.

Second, let So arjd Si be characteristic hypersurfaces of Pi which intersect

transversally and let T = So nS] . If So and Si are smooth in the past and u

is conormal with repect to {So , S]} in the past, then T is smooth, and u is

conormal with respect to {So , S[} locally in time outside of T, even though

S0 and S) are no longer necessarily smooth across T. Finally, we show that if

«(0, x) and 3,w(0, x) are in an appropriate Sobolev space and are piecewise

smooth outside of T, then u is piecewise smooth locally in time outside of

So uS, .

1. Introduction

Let uit, x) e C(R; /?0C(R")) n C'(R; ^'(R")), s > § + 4, be a solution
of the quasilinear equation

(1.1) P2it, x, u,Du,D)u = fit,x, u,Du),

where

(       - \
(1.2) P2it,x,u,Du,D)=    8} -      Y,      au(*,x,u, Du)dXidXj

(i,j)*(0,0) ' J
\ i,j=0 J

is strictly hyperbolic with respect to {t = constant}, / is a smooth function of

its arguments and (a,;) is symmetric.

In this paper, we consider the regularity of solutions which are assumed to
be conormal in the past with respect to a characteristic hypersurface, or a pair

of characteristic hypersurfaces, or initial data conormal with respect to the in-

tersection of a pair of characteristic hypersurfaces, and piecewise smoothness
of solutions which are assumed to be piecewise smooth at {1 = 0}. The conor-

mal cases for nonlinear problems had been treated previously by Alinhac [1]
and [2]. He uses the theory of paradifferential operators and an extension to
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characteristic-coordinate changes. For the second order quasilinear case, he

treated Hs, s > in + l)/2 + 9/2, conormal regularity with respect to a single

characteristic hypersurface and Hs, s > (n + l)/2 + 5, conormal regularity with

respect to a pair of transverse characteristic hypersurfaces. Here we use non-

smooth vector fields in the given coordinates, with the regularity of the vector

fields improved inductively, and the natural associated energy inequalities. Also

we treat C(R; H^fR")) nC'(R; H^~x(Rn)), s>n/2 + 4, conormal regularity

with respect to both a single characteristic hypersurface and a pair of trans-

verse characteristic hypersurfaces. The piecewise smooth case for semilinear

problems had been considered by Rauch and Reed [15].

In section 1, we prove first a version of the Gagliardo-Nirenberg inequalities,

which takes an important role in the proofs of various lemmas and theorems.

Then we establish energy inequalities for the equations P2u = fiDu) and P2v =

fxDv+f2 , where fi and f2 are in the space C(R; H^5(R")). Also we consider
the first order nonlinear equation satisfied by the defining function cpit, x') of

a characteristic hypersurface of P2 ■ In order to treat this equation, we study

the regularity of compositions of the form v(t, cpit, x'), x') with v(t, Xi, x')

and cpit, x') assumed to have limited Sobolev regularity.

In section 2, we prove first that if w(l, x) is conormal with respect to a single

characteristic hypersurface Z (which is locally given by {xi = cpit, x')} ) of P2

in the past and Z is smooth in the past, then Z is smooth and u is conormal

with respect to Z for all time. Analogous results hold locally in time, subject to

the constraints of finite propagation speed. In order to prove conormal regular-

ity, commutator arguments along with the energy inequality and the result on

the regularity of compositions are then applied. Next, we consider the conormal

regularity of u with respect to a pair of transverse characteristic hypersurfaces

of P2. Let Zo and Zi be characteristic hypersurfaces of P2 which intersect

transversally and let T = Z0 n Zi . If Z0 and Zi are smooth in the past and u

is conormal with respect to {Zo , Zi} in the past, then Y is smooth, and u is

conormal with respect to {Z0 , Zi} locally in time outside of T, even though Zo

and Zi are no longer necessarily smooth across T. Examples of surfaces which

are not smooth across Y in one-space dimension are presented in Messer [9].

In proving this property, we consider appropriate regions near Y, and apply

commutator and induction arguments involving vector fields with nonsmooth

coefficients as in the proof of Theorem 3.2, as well as finite propagation speed.

Finally, we prove that if w(0, x) and u,iO, x) are conormal with respect to

r, then Zo and Zi are smooth and u is conormal with respect to {Z0, Zi}

locally in the future. The proof is analogous to the case of two characteristic

hypersurfaces.
In section 3, we prove the piecewise smoothness of the solution u of (1.1)

assuming piecewise smoothness initially. Then after a change of coordinates,

we may write

P2= Q+Do+--

= Q-Dx+- ■■ ,
where Q+ and g- are tangential vector fields to Z0 and Zj respectively.

Let cf be an open neighborhood of the origin and let tf0 = @ n {* = 0} •
Let Z0, Zi and Y be as above. With a slightly changed time coordinate, we

may assume, by strict hyperbolicity of P2 and the hypothesis of Theorem 3.8
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since Y is smooth, that Y divides t% into two connected components and
Zo U Zi divides tf in four connected components. Suppose that «(0, x) e

H^iR") and zir(0, x) € //^"'(R") and both are piecewise smooth outside of

r. Then u is piecewise smooth locally in time. The proof involves Theorem

3.8 and repeated induction arguments together with a modification of the result

of Rauch-Reed in the semilinear case: Suppose that A(t, x) and F(t, x) are

piecewise continuous outside of ZoUZ]. Then the initial value problem for the

linear system

Q+z + Az = F

has a unique piecewise continuous solution on Zo if z(0, x) is piecewise con-
tinuous outside of Y.

2. Preliminaries

2.1. The energy inequality. In this section we will prove appropriate en-

ergy inequalities for equation (1.1). We note that strictly hyperbolicity of

P2it, x, u, Du, D) implies the following inequality :

n

(2.1) i£i2 < c(£02 + Y. «*/('.*.«. mtitj),
1,7=1

where C is a positive constant and £ = (£o, £i, • • ■ , in) € R"+1 . Throughout

this thesis, we use

n _n

y^ instead of ^ for notational convenience.

(<,7)*(0,0) (i,7')*(0,0)
i,7=0

Before we prove the energy inequalities we need the following lemmas. For

the proof of Schauder's lemma,see Rauch [13], and for the Gagliardo-Nirenberg

inequalities, see Nirenberg [11].

Lemma 2.1 (Schauder's lemma). If u,v e HsiRn)  and s > \, then uv e

HsiR") and \\uv\\H* < C\\u\\Hs\\v\\Hs.

Lemma 2.2 (Gagliardo-Nirenberg inequalities). Let u e Lq (R") and its
derivative of order m, Dmu, belong to Lr(R"), 1 < q, r < oc. For the deriva-

tives DJu, 0 < j < m, the following inequalities hold:

(2.2) ll^wllp < constant||Zy"W||?||W^-a,

where 1 /p = j/n + a(l/r- m/n) + (1 - a) 1 /q, for all a in the interval j/m <
a < 1 ithe constants depending only on n, m, j, q, r and a) with the following
exceptional cases:

(1) If j = 0, rm < n, q = oc then we make the additional assumption that

either u tends to 0 at infinity or u e L*(Rn) for some finite q > 0.
(2) If 1 < r < oo, and m-j-n/r is a nonnegative integer then (2.2) holds

only for a satisfying j/m <a<l.

Throughout this paper we treat the case in which the regularity indices s and

s' are integers; analogous results hold in the general case.
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Lemma 2.3. Let 0 < s' < s and suppose that w € L°°iRn) n HS(R"). Then for

\a\ = s', it follows that Daw e L2piRn) and

\\Daw\\L2p <Ci\\w\\L-)x-H\\w\\Hs)>,

where p = s/s' and C is a constant depending only on s, s' and n .

Proof. Let LP   stands for any derivative of order s'.  For s' = s, we have

p = 1 and since w e Hs(Rn), ||.D*k;||L2 < C|M|/,*. For 0 < s' < s, by Lemma
2.2 for q = oo, r = 2 and m = s,

\\Ds'w\\l2p<C\\Dsw\\12\\w\\xl-J,

where C is a constant depending only on s, s' and n , also a is such that

(2.3) J- = ?L + a(L-L)       with-<a<l.
2p      n        \2     n) s ~

From (2.3), we have for a = s'/s = l/p ,

W'wW^ < C(||u;||i-)W(||ti;||jjO*.

Corollary 2.4. Suppose that w e L™(Rn) n/^(R") fors>0.Iff<E C°°(R),
fA«i /(w) € ^(R").

Proof. If \fi\ = s, then by the chain rule and the Leibniz formula, D^ifiw))
may be written as a sum of terms of the form gp'w)iDa\w) ■ ■ ■ iDa"W) with

gfi smooth and ax + ■■■ + am = /?. Since gp'w) e L,~(R") and Da*w e

-Lloc(^'1)' wnere r = -Mr, by Lemma 2.3, Holder's inequality implies that the

use of the chain rule was justified, and since (\ax\ + ■■■ + |am|)/2s = 1/2,

g0(w)(Da>w)---(D°«w)eL?oc(*n)-

Now we state and prove the energy inequalities for equation (1.1).

Theorem 2.5 (Energy Inequality). Let P2it, x, u, Du, D) be a partial differen-

tial operator of order 2 on Rn+X, as in (1.2), strictly hyperbolic with respect to

theplanes t = constant and let w(r, jc) 6 C(R; #,*oc(Rn)) n C'(R; ^'(R")),

s > f + 2, satisfy the equation

(2.4) P2(t, x, u, Du, D)u(t, x) = f(t, x, u, Du),

where f is a smooth function of its arguments. If w(0, jc) e //^.(R") and

m,(0, x) e H{-l(R"), then, for all t, w(l, x) e H^R"). Moreover, if u has

compact support in x for each time t, then we have

(2.5) \\u(t, X)H^(R-) < Ct(||M(0, JC)||w»(R-) + ||«t(0, JC)||W.-.(R.))

for all t, where Q = Cit) is independent of u and fi.

Proof. By finite propagation speed and an analysis local in time, it may be
assumed that u has compact support in jc for each t. Let |a| = 5 — 1. We

apply Da = dxl ■ ■ ■ dx^ to equation (2.4) obtaining an equation, by the Leibniz

formula,

n

(2.6) P2iDau)=Daf+Y   £    C/,(Da-"aij)(DfiuXiXj) = g,

fi<cni,jM0,0)
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where Cp are constants depending only on multiindices /?. The use of the
Leibniz formula is justified below, using Lemma 2.3. Let wit, jc) = Dau(i, jc) .

Then (2.6) can be written as
n

(2.7) P2w = wu-   £   auiDu)wXjXj = g.

Let E(t) be the energy for equation (2.7) defined by

(2.8) E2(t) = / (w2it, x) + wf(t, x) + £ a^iDu)wx.it, x)wx.(t, x))dx.
J 1,7=1

By differentiating (2.8) with respect to t and integrating by parts, we have

= / I 2wwt + 2wtwt, + £ f -^- J wxwXj + 2 £ ajjWx.,wXj j dx

= /    2wwt + 2w,wtt ~ 2 £ auwtwx.Xj - 2 £ \-^-\wxw, J rfx

\ 1,7=1 '.7=1 ' /

+ £ j (cwf)w*>w*jdx
',7=1

= 2    wtlw + w„-    ]T   aUwxixj \dx + 4    Ya0jwtxjwtdx

\ (1.7)^(0,0) / 7=1

-at/(H)»^^i:/(^)^/-
',7=1 ',7=1

We note that

4 / £ ^"S *M* = ~4 j £ ("^r) w'w'dx - 4 / £ -tywtt, iMjc.

so that

4 / Y\%Wtx,Wtdx = ~2 I J2(l£r)w'w<dx-
J j=\ J ,=i  axJ

It follows from (2.7) that

E{t)^r = IWi{w + g)dx ~ £> I (§5-f) "V*'*

i,y=i 7=i        J

By letting <!; = Vw = (u;,, to* , • • • , u;^) in (2.1), we have

tf + w\ + ■ ■ ■ + «£ < C I w2 + £ aij(Du)wxwXj
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and so, by (2.8),

/ (w? + £ aij(Du)wxwx)dx < CE2it).
'.7=1

Now we estimate the third term in (2.9). Holder's and Schwarz's inequalities
imply that

>     /    —rr—- )Wx wx dx <  >     /     —^—- )wx wx\ dx
ff-lj \    dt    )  x- xj    ~ f-ij IV   dt    J  x> xi\

. A (\\daijfDu)\\       f. . , \
^ £      —-^T~^\\      / \wxwx\dx)

(2.10) i%\\\      dt      \\LooJ       >    >      )

<c(t) £ (y'w2dXy (y'w2xdXy

<C(t)E2(t),

since D2w(r, jc) e H$-2'Rn) c L°°(R"), for all t, and s - 2 > § . Similarly,
for the second and fourth terms, we have

.J=1J   \     ax;      / ,,7=1 \       axJ       L~(R")-/   ' /

<cit)j2^j w2xdXy [j w2dXy

<Cit)E\t),

and

£ / (d^M) WtWtdx < £ f fM /^
(2.12) Jfi  I     dxj     ) j^\       dxj       ioo(Rn)y )

< Cit)E2it).

For the first term, Schwarz's inequality yields that

/ wt(w + g)dx = / wtw dx +    iwig)dx

(2.13) J r
< Cit)E2it) + J \wtg\dx.

It remains to estimate / \w,g\dx.

We will show that for 1 < / < s - 1, (DlaiJiDu))(Ds+x-lu) e L2(R").

By the chain rule and the Leibniz formula, DlajjiDu) may be written as a
sum of terms of the form byiDu) iDa\ iDu)) ■ ■ ■ iDtt>>< iDu))  with by  smooth

and |ai| H-1- \am\ = I, where |a^| > 1 for k = 1, ••• , m . Let D2w(l, x) =

w(f, x). Then v € Z,00(Rn) n Hs'2iR") since s -2 > n/2, and D'aijiDu)

is written as a sum of terms of the form byiDu)iD^ v) • ■ ■ (D^w) with |/3i | +

• • • + \fim\ < I - 1, where  \0k\ > 0 for k = I, ■■■ , m.   As we see in the
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proof of Corollary 2.4, by(Du) € L°°(R") and M» e Z/(R"), where p -

2fcp, by Lemma 2.3.   Thus Holder's inequality implies that the use of the

chain rule was justified, and since (|/-?i|H-\-\fim\)/2(s - 2) < (/-1)/2(5—2),

by(Du)(D^v)---(D^v) e L«(R"), where q = Zfcp. since Ds+X'lu =

Ds~x~lv, Ds+X~lu e Lr(R"), where r = f^2], by Lemma 2.3. Therefore,

by Holder's inequality and Lemma 2.3, (D'aij(Du))(Ds+x-lu) 6 L2(R") and

\\(DlaijiDu))(D*+x-<u)\\L2 < \\DlaiJ(Du)\\I,\\D°+l-'u\\L, < C(t)\\v\\L-\\v\\H,-t

since l/p+l/q = 1/2, where p = 2(s-2)/(l- 1) and <? = 2(s-2)/(s- 1 -/).
As we have seen in the proof of Corollary 2.4, Da{fiDu)) may be written as

a sum of terms of the form fa(Du) (Da\ (Du)) ■ ■ • (Da'"(Du)) with fa smooth,

a. + • • • + am = a and fa(Du) (Dai (Du)) ■ ■ ■ (Da- (Du)) e L2(R") . Moreover,

by Lemma 2.3, \\Da(f(Du))\\L2 < C(t)\\Du\\H^ < C(t)\\u\\Hs .
By Schwarz's inequality, Minkowski's inequality and the facts above,

j(wtg)dx= y^, (DQ/+£   £   Cp(Da^aij)(D^uXiX])) dx

\ /?<o (,-,7)^(0.0) /

< ^jw2dXy [j(Daf)2dXy

+ (Jw2dxY   £   ±   Cfi(f(D^au)2(D^uXiXj)2dx)^

<C(t)E(t)(\\Daf\\L2 + \\v\\L~\\v\\H,-2)

<C(t)E(t)(\\u\\„s)

<C(t)E2(t),

and so

(2.14) fwt(w + g)dx < C(t)E2(t).

From (2.10),(2.11),(2.12),(2.14) and by dividing (2.9) by E(t), we have

(2.15) ^p- < C(t)E(t).

By applying Gronwall's inequality to (2.15),

(2.16) E(t) < C(t)E(0),        where dC(t) = exp (f C(l)dk\.

Thus, for given t,

H«(^,*)lliJ»<C(0(||«(0,Jc)||j!. + ||ii/(O,x)||fl»-i).

From the theorem above, we have the following corollary which will be used

in the proofs of Theorem 3.2 and Theorem 3.8.

Corollary 2.6. Let P2(t, x,u, Du, D) be the same as above and assume that

u(t, x) € C(R; H^(R")) n C'(R; H£lfR")) , S > f + 4. Let v(t, x) satisfy
the equation

(2.17) P2(t,x, u,Du, D)v(t,x) = fi(t, x)Dv(t, x) + f2(t, x),
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where fi(t, x), f2(t, x) e C(R; H£5(Rn)). Ifiv(0,x) e #j£4(R") and

vt(0, x) e H(-5(Rn), then v(t,x) e ^o;4(R") for all t. Moreover, if v has

compact support in x for each time t, then we have

(2.18) \\v(t, x)\\H,-< < Cx(t) (\\v(0, jc)||h,-4 + ||i;,(0, x)||„,-5) + C2(t),

for all t, where Cx(t), C2(l) are indepedent of u and v .

Proof. By finite propagation speed and analysis local in time, it may assumed

that v has compact support in x for each t. As we see in the proof of the
energy inequality 2.5, we have

P2(D°v) = Da(fi(t,x)(Dv)) + Da(f2(t, x))

(2.19) +£     £     Cp(Da^aij(Du))(D^vXiXj)

£<a (1,7)^(0,0)

= g,

where \a\ = s - 5 .Let w(t, x) = Dav(t, x) . Then (2.19) becomes

n

(2.20) P2w = w„-     ]T     aij(Du)wXjXj = g.

(',7)#(0,0)

Let E(t) be the energy for equation (2.20) defined as in (2.8). We will estab-

lish an a priori estimate on E(t) . As we see in the proof of energy inequality 2.5,

all estimates except / \wtg\dx are valid, since s > § + 4. So it remains to esti-

mate / \w,g\dx. First we show that, for l<l <s-5, (D'au(Du))(Ds+x-lv) e

L2(R"). From the proof of energy inequality 2.5, D'a^Du) e L2p(Rn), where

p = (s-2)/(l- 1) and \\Dlaij(Du)\\LiP < C(t)\\u\\H, < C(t). Since v e
L°°(Rn)r\Hs-4(R"), s > f+4, Ds~3~lv e L2?(Rn), where q = (s-4)/(s-3-l)

and \\Ds-3-lv\\Lit < C^IMI^i < C(t)E(t), by Lemma 2.3. Therefore,
(Dlaij(Du))(Ds+x-lv) e L2(R"), since

(/ - l)/2(s -2) + (s-3- l)/2(s - 4) < 1/2,

and

\\(Dlaij(Du))(D*-:i-'v)\\L2 < WD'a^Du^WLP-i-'vW^

< C(t)E(t).

Next we estimate Da(fi(t, x)(Dv)). By the Leibniz formula, Da(fi(t, x)(Dv))

may be written as a sum of terms of the form (Da\ fx)(Da2(Dv)) with ax+a2 =

a.  By Schwarz's inequality and Minkowski's inequality, Da(fi(t, x)(Dv)) e

L2(R") and \\D°(fx(t, x)(Dv))\\L2 < \\fi\\„,-,E(t).
Therefore, by the facts above,

y(wtg) dx = fwt [Da(fi(t, x)(Dv)) + Da(fi2(t, x))]

+ [w<   £     £     Cp(Da'^aij(Du))(DPvXiXi)   dx

y<a (1,7)^(0,0)

< C(t)E(t) (||/, \\H,-,E{t) + \\f2\\Hs-, +E(t)) ,
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and so

(2.21) IBjl < C(t) (\\fx\\Hs-sE(t) + \\f2\\H,-s).

Therefore, by applying Gronwall's inequality to (2.21),

E(t) < e"U (£(0) + f C(T)\\f2(?)\\H^e-h^d^j ,

where

hit) = f C(t)||/,(t)||h,-,£/t      and   fiix) = fiixfx),        i = 1, 2.
Jo

Let Cx(t) = eh^ and C2(t) = e*W/J C(x)\\f2(-c)\\Hs-ie-h^dz. Then we have

E(t)<Ci(t)E(0) + C2(t),

which implies that E(t) is finite for all time t, since by assumption it is finite
at 1 = 0. Therefore,

||v(f, x)\\H,-, < Cx(t) (\\v(0, x)\\Hs-a + ||»,(0, x)||h*-») + C2(t).

2.2. First order nonlinear equations. Suppose that a characteristic hypersur-
face for P2 is given by {xj = cp(t, x')}, where x' = (x2, • - • , x„) 6 Rn~x.

Then cp satisfies the first order nonlinear equation

n n n

(2.22) (cp,)2 + 2(aoi - £aojVxj)9t = flu - 2£aXjcpX) + ^ aijcpx.cpXj.

7=2 7=2 ',7=2

The coefficients in (2.22) are evaluated at Xi = cp(t, x'), and thus the regularity
of functions of the form a(Du(t, cp(t, x'), x')) needs to be examined.

We begin by studying the regularity of compositions of the form v(cp(x'), x')

with v and tp assumed to have limited Sobolev regularity. Even if cp(x') is
smooth, functions of the form v(tp(x'), x') will in general have Sobolev regular-

ity of order 1/2 lower than that of v(xx, x'). When cp(x') is nonsmooth, the
regularity of v(cp(x'), x') will not in general be greater than that of tp(x'). In
order to obtain norm estimates on the regularity of v(cp(x'), x') that are linear

in the norm of cp(x'), we will assume that the Sobolev regularity of v(xx, x')

is at least one order greater than that of cp(x').

Lemma 2.7. Let v(xx, x') € H^X(R") for s > § + 1. Suppose that tp(x') e

H^'R"'1), l<s' <s,and that Dtp(x') € L°°(Rn-x). Then

U(^(x'),x')e//4(Rn-1).

If v and cp have compact support, then \\v(cp(x'), x')\\H,i < C\\cp\\HS' with
C depending only on s, s', n, the size of the supports, \\v(xx, x')||#J+i and

\\9\\l"> ■

Proof. We may assume without loss of generality that v and cp have compact

support. Let w represent the vector consisting of all derivatives of dXx v (i.e.,

w = (dxfdxv), ■ ■ ■ , dXn(dxv))). Then w € Hs-x(Rn)nL°°(Rn) since s-l >

\, and therefore Daw e Lr(R"), where r = ^^ , for 0 < \a\ < s - 1  by
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Lemma 2.3. Thus D"dxv € Lr'(R"), where r' = 2|^ , for 1 < \fi\ < s, and

since

(2.23) (D'v) (cp(x'), x') = f '   D'dXi v (x,, x')dxx,
J—oo

it follows from Minkowski's inequality that (D?v) (cp(x'), x') e Lr(R"_1),

where r = 2\~p\~}x , with norm depending only on the size of the supports,

\\v(xi, x')\\H!+i and ||r7;|U°°.
Next, notice that Dcp e Hs'-x(Rn-x) n L°°(Rn-x), and therefore D?cp e Lr'

(Rn~x), where r' = ^^-, for 1 < |/5| < s', by Lemma 2.3. The chain rule

and the Leibniz formula imply that, for 1 < \y\ < s', Dy (v(cp(x'), x')) may be
written as a sum of terms of the form

(pf>oDmv) (tp(x'), x') (pPi <p(x')) ■ ■ ■ (pfi- cp(x')) ,

where Dm stands for a derivative of order m with respect to x, with 0 <

m < s' and p0 + Px + • • • + Pm = 7, I < \Pk\ < s' for k = 0, I, ■■ , m. If
m = 0, then y = p\, and so (Dp*v)(cp(x'), x') e L«(R"-') C L^R"-'), where

Q = ijrr\ > with \\(D^V)(<P(X' > x'))\\li < C, where C depends only on the

size of supports, s, s', n, \\v(xx, x')||#I+i and ||0>||/_» . Therefore, we may
assume that m > 1. The preceding estimates and Holder's inequality imply

that the use of the chain rule was justified, and

(pP*Dmv) (cp(x'),x') (z)'ip(jc')) ••■(/>'»?(*')) € L^R""1)

since

l/j0l + (m-l)     (1/J1|-1) + --- + (|/Jml-1)       |rl-l       1
2(5-1) 2(5'-1) -2(s'-l)~2'

Therefore Dy(v(cp(x'), x')) e L2(Rn_1) for 1 <\y\<s'. Moreover, by Lemma

2.3, \\Dyivi<pix'), x'))||l2 is bounded up to an appropriate constant by

(IIDflljp.-,)'-  -(IIDfll^-,) '"  ■

Since (\px\ - 1) + ••• + (\pm\ - 1) < \y\ - m < s' - m < s' - 1, the required

estimate holds.

For solutions of hyperbolic equations, it is natural to consider functions

which are continuous in time, with values in appropriate Sobolev spaces in

the remaining variables.

Corollary 2.8. Let v(t,xx,x') € C(R; H£}'Rn)) for s > § + 1.   Suppose

cpit, x) G C(R; /^(R"-1)), 1 < s' <s, and that Dcpit,x') e C(R; L^R""1)).

Then v(t, cpit, x'),x') e C(R; H^(R»~X)).

Proof. The proof of Lemma 2.7 easily yields that

Dpdxvit,Xi,x')£CiR;Lw^iRn))       for 1 <\p\<s.
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Let p = 2(s - l)/(\P\ - 1). Then, from (2.23) with t as a parameter,

(ppv) (t,cp(t, xf), x') - (pPv) (t,<p(t0, x'), x')

Mt,x') Mt0,x')

= / D'dxv(t, xi, x')dxi - / D^dxv(t, xi, x')dxi
J—oo J—oo

Mt,x')

= / D^dxv(t,xi,x')dxi.
Jfdo.x1)

It follows that

\(D^v)(t,cp(t,x'),x')-(D^v)(t,cp(to,x'),x')
II V / \ / L"(R»-')

< C\\cp(t, x') - <p(t0, x')\\L*>(Xt) -> 0      ast^to,

and similarly

| (p^v) (t, cp(to, x'), x') - (D'v) (t0, cp(to, x'), *')||

< C\\v(t,xi,x')-v(t0, xi, x')||//s+i(R-.) ->0      as t-> t0.

Therefore

(Dfiv)(t,<p(t,x'),x')&C(R;Lp(R"-x))   fori <\p\<s.

We note that Dtp e C(R; HS'-X(R"-X)) n C(R; L00(R"-1)) and therefore

2(i'-l)

Z)^r7,eC(R;LTzn^r(R'!-1))   for I <\p\<s',

by Lemma 2.3. The rest of the proof of Lemma 2.7 then easily yields continuity
of the norm estimates in the parameter t.

In the proof of conormal regularity of a solution of the equation P2u =

f(Du), where / is smooth of its arguments, we will encounter situations in

which regularity of cp with respect to v is greater than the case considered
above.

Lemma 2.9. Let v(xx,x') G Hf£}(Rn) for s > §. Suppose that tp(x') G

Hte (R"_1) and that D(P(X') e L°°(Rn-x). Then v(cp(x'),x') e H^R"'1).

If v and cp have compact support, then \\v(cp(x'), x')II/p ^ C||pII/p with C

depending only on s, n, the size of the supports, \\v(xx, x')\\H,+\ and \\cp\\l°° ■

Proof. We may assume without loss of generality that v and cp have compact
support.  Since s > § , dxv G Hs(Rn) n L°°(Rn).  Therefore, by Lemma 2.3,

Dfidxv G L*(R") for I < \P\ < s. It follows from Minkowski's inequality

and (2.23) that (DN) (cp(x'), x') G L1^ (Rn_1), with norm depending only on

s, n, the size of the supports, ||v(xi, x')||//*+i and \\cp\\l°° •

We notice that Dcp g HsiRn~x) n L°°(Rn-x); therefore D^cp e L^ (R""1)

for 1 < \p\ < s, by Lemma 2.3. The chain rule and the Leibniz formula imply
that, for 1 < \y\ < s, Dy (v(cp(x'), x')) may be written as a sum of terms of
the form

(Mfl"») (cp(x'), x') {p'i cp(x')) ■ ■ ■ (p^cp(x')) ,
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where Dm stands for a derivative of order m with respect to xx with 0 <

m < s and Po + px H-1-pm = y , 1 <\pk\ < s for k = 0, 1, ■■■ , m . If m =

0, then y = Po, and so  (Md) i<pix'), x') G LW (Rn~x) c L2(R"-') with

\\(Dfiov)(cp(x', x'))||z,2 < C, where C depends only on the size of supports, s,

n , \\v{xx, x')\\jj,+i and |H|l°° ■ Therefore, we may assume that m > 1. The
preceding estimates and Holder's inequality imply that the use of the chain rule

was justified, and

[p^Dmv) icpix'),x') (pPxtpix'j) ■■■ (Z)^(x')) G L^R""1)

since
\Po\ + m + (|/i1!-l) + --- + (|/Jm[-l) < \y\ < 1

2s 2s ~ 2s ~ 2'

Therefore Dyiv{cpix'), x')) G L2(R"->) for 1 < \y\ < s. Moreover, by Lemma

2.3, \\Dyivicpix), x'))\\L2 is bounded up to an appropriate constant by

i\\Dcp\\Hs)   >    ■••(\\D9\\H,)    !    .

Since i\px | - 1) -I-h i\Pm\ - 1) < 5 - 1, the required estimate holds.

According to Lemma 2.9, we have the following corollary similar to Corollary

2.8.

Corollary 2.10. Let vit, xx, x') G C(R; H£l(Rn)) for s > § .  Suppose that

cpit, x) G C(R; /^'(R"-1)), and that Dcpit, x') e C(R; L^^R"-1)). Then

i;(l, ?(!,*'), *') G C(R; y^yR"-1)).

The defining function for the characteristic hypersurface Xi = tp(t, x')

associated with the quasilinear equation (1.1) satisfies (2.22). Thus <p, may
be expressed locally as a smooth function of t, x', u(t, tp(t, x'), x'),

Duit, cpit, x'), x') and Dcpit, x') , where Dcp is the x' gradient of cp . Such

a function will be denoted by /(v(r, cpit, x'), x'), Dcpit, x')), with v repre-

senting the vector (1, x', u, Du) . From now on, we use D as total derivative

and t> as x' derivative.

Theorem 2.11. Let vit, xx, x') G C(R; H^iR")) for s > f + 1, and assume

that D2cpit, x') g Lj^.(RxR"_1). Let f be a smooth function of its arguments,

and suppose that cptit,x') = f(v(t, cpit, x'), x'), Dcpit, x')). If r?(0,x') G

^(R""1) , then fit, x') G C(R; ^(R""1)) .

Proof. It can be assumed that the functions in question all have compact support

in x'. Let cp^ denote the vector of all x' derivatives of cp up to order s.

Under the assumption that cp is smooth, we will establish an a priori estimate

on the energy J?(r) = (/ \cp(s)(t, x')|2flV)*. Standard arguments then allow the

smoothness assumption to be dropped.
The chain rule and the Leibniz formula imply that there are smooth functions

/, F and fa for \ax| H-h |afc| + |a^+i | H-h \am\ < s , k > 1 , which are

then evaluated at (v(t, cp(t, x'), x'), Dcp(t, x')) , such that

<V*> = FDcp^(t, x') + f + £/Q/5°. (v(t, cp , x'))
a

■Dak (v(t, cp, x'))DaM (Dcp) ■Da™ (Dcp).
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The energy satisfies E(t)dtE(t) = $ cp(s)it, x')dt<p^(t, x')dx', and by integra-

tion by parts,

j cp^F(v, Dtp) (pcp^ dx' = i f Fiv, Dcp)D (i<p{s))2) dx'

= ~J' DFiv,bcp)(cp^)2dx'.

We note, by the chain rule, that DF'v , Dtp) = J2a Fa(Dv) + Ga(D2tp) , where

Fa and Ga are smooth functions of their arguments v , Dcp . Since v(t, xx, x')

G C(R; Hs+x(Rn)) and 5 > § + 1, the Sobolev imbedding theorem and

Corollary 2.8 imply that v(t,cp,x') e L™C(R x R"), D(v(t, tp, x')) G

LjjfRxI"), and since D2cpit,x') G L{£(R x R""1), D(F(v(t, cp, x'),

Dcpit,x'))) G L^(RxR"-x),f(v(t,cp,x'),bcp(t,x')) G L£(RxR"-')

and fa(v(t,cp,x'),Dcp(t,x'))&L^c(RxRn-x) .

By Lemma 2.7 and Corollary 2.8 , v(t, cp(t, x'), x') G C(R; vY^R"-1)) with
\\v(t, cp(t, x'),x')\\H' < C(t)E(t). Therefore

D (v(t, <p(t, x'),x')) G C(R; ^"'(R"-1)) n L£(R x R"-1)

with similar bounds on the HS~X(R"~X) norm. Hence from Lemma 2.3,

Da, {vit, cp{t,x'),x')) G L2pJiR"-x),    where pj = r^fi-
\<*j\ - 1

and

(2.24) \\DaJ (v(t, cp(t, x'),x'))\\L2Pj < C\\Dv\\^ WDvf^ < C(t)(E(t))t ,

for 1 < |o,-| <s , j = 1, • • • , k. Similarly,

{Dtp) G C(R; ^-'(R""1)) n I£(R x R""1),

with HD^II^-i < E(t) and ||Z>r?||L~ < C(t) . Thus, again from Lemma 2.3,

^(^(U'De^tR"-1),    where   qj = S-f-\-,

and

(2.25) ||^(^)||l2,. < C\\Dcp\\~j~> WDcp^ < C(t) (E(t))t ,

for 0 < |a,-1 < 5 - 1 , j = k + 1, • • • , m . Therefore, by Holder's inequality,

Z)Q> {v(t, cp(t, x'), x')) ■■■Dak{v(t,cp(t, x'), x'))DaM(Dtp)■ ■ ■ Da>»(Dcp)

GC(R;L2(R"-')),

Since ((\ax\-l) + --- + (\ak\-l) + \ak+x\ + --- + \am\)/2(s-l) <(s-k)/2(s-l) <
1/2. From (2.24) and (2.25),

|| (Da>v) ■ ■ ■ (Dakv) DaM (Dtp) ■ ■ ■ bQ-»(Dcp)|| 2

(2.26)
<C(t)(E(t)Y ' <C(t)E(t).
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By Minkowski's inequality, Schwarz's inequality and (2.26),

\E(t)dtE(t)\ < C\\DF\\L~ J (cp^)2dx'

+ c(^j (cp^)2dx^j2  H/iu- + £ \\fa(D«>v(t, cp, x'))

• • • {D»*v{t, cp , x'))Da^ (Dcp) ■•■Da* (Dtp)\\L2

< CE't) (\\DF\\L~E(t) + H/IU- + ||/o||l-C(0£(0) ,

and so \dtE(t)\ < C{t)E{t) + C(t) . Therefore, by Gronwall's inequality, E{t)
is finite for all time since by assumption it is finite at 1 = 0.

We will also encounter first order equations like those in Theorem 2.11 which

are linear, but with coefficients of finite regularity.

Corollary 2.12. Let y/(t,x') satisfy the equation

(2.27) yr, = Fx(t,x')bip + F2(t,x')y/ + F3{t, x'),

where
Fi(t,x')eC(R;H{-x(Rn-x))

and

F2(t, x'),F3(t, x') G C(R; H^'R"-1)),        s > \ + 2.

If ^(0, x') G H[^2(Rn-x), then xp't, x') G C(R; H£2(R»-1)) -

Proof. It can be assumed that the functions in question all have support in x'.
Let y/^-2^ denote the vector of all x' derivatives of y/ up to order s — 2 . As

we see in the proof of Theorem 2.11, we will establish a priori estimates on the

energy E(t) = (J\tp^-2\t, x')\2dx')'2 .
The chain rule and the Leibniz formula imply that for |ai | + |Q2| <s—1, 1 <

|a2|<5-2 and \Pi\ + \p2\ < s - 2 ,

a,^-2' = Fi(t, x')Dy/(s-2)(t, x') + £ (D^Fi(t, x')) (Da2y/(t,x'))

a

+ Y,(D^F2(t,x')) (p^(t,x')) +Ds'2F3(t,x').

fi

The energy satisfies E(t)d,E(t) = / y/(s'2)(t, x')d,y/is~2)(t, x')dx', and by

integration by parts,

I W{s'2)Fx(t, x') (vV5_2)) dx' = -UbFx(t,x') (^-2>)2tfV.

Since s > § + 2, the Sobolev imbedding theorem implies that DFx(t, x')   G

L^c(RxR"-x).

Since DFx(t, x') G C(R; HS-2(R"-X)) nL£(R x R»->), by Lemma 2.3,

Da>Fx(t, x') e L2p> (R"-x),    where   px = , S ~   ,
|aj| - 1
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and

(2.28) \\D°>Fi(t, x')|U < C0FlCJ'0Fi\\&-z < C(t).
for 1 < |ai| < 5 - 1. Similarly,

<peC(R; Hs-2(R"-x))nL^(R x R"~x),

with H^II^-2 < E(t) and ||^||l°° < C(t) . Thus, again from Lemma 2.3,

Da2 ip(t, x') G L2p2(R"-x),    where   p2 = S-f^ ,
l«2|

and

(2.29) \\ba2(<p)\\L2P2 < CM^SMib-* < C(t)(E(t)Y2 ,

for I <\a2\<s -2 . Therefore, by Holder's inequality,

(Da>Fx(t, jc')) {Daiy/) G C(R; L2(R"-1)),

since ((|Q1|-l) + |a2|)/2(5-2)<l/2.For |a.| = 0, \\Fx(t, x')Dip(t, x')\\L2 <

C\\Fi\\L~E{t). Therefore, from (2.28) and (2.29),

(2.30) \\(Da>Fi(t, x')) (Da2W(t, x'))\\L2 < C(t)E(t).

Since F2(t, x') G C(R; HS-2(R"~X)) nLgc(R x R"~x), from Lemma 2.3,

D^(F2(t,x'))eL2^(Rn-x),    where   <?i = Tj£

and

(2.31) \\b^(F2(t,x'))\\L^ < C\\F2\\j> \\F2\\%_2 < C(t),

for 0 < \Pi\ < s - 2 . Also, again from Lemma 2.3,

M^(l,x'))GL2?2(R"-1),     where   q2 = S-^,
\P2\

and

(2.32) ||M^||L2,2 < C\\n^\\W\\%_2 < C(t)(E(t))t ,

for 0 < \p2\ < s - 2. Therefore, by Holder's inequality,

M (F2(t, x')) M y, G C(R; L2(R"-')),

since (\px\ + \p2\)/2(s - 2) < 1/2 . From (2.31) and (2.32),

(2.33) ||z>». (F2(t, x')) M¥(t, x')\\l2 < C(t)E(t).

Therefore, by Minkowski's inequality,  Schwarz's inequality,   (2.31) and

(2.33),

\E(t)dtE(t)\ < C\\DFi\\L- j (cp^-V)2 dx' + C (^j (^-2»)2 dx'Y

+   £||(/>Q.F1)(y9a2^)||L2 + ^||(^F2)(M.7/)||L2 + ||lV-2F3||L2

p

< CE(t) (\\DFi\\L~E(t) + C(t)E(t) + C(t)) ,
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and so \dtE(t)\ < C(t)E(t) + C(t) . Therefore, by Gronwall's inequality, E(t)
is finite for all time since by assumption it is finite at 1 = 0.

3. Conormal solutions for quasilinear wave equations

In this section, we will consider the conormal regularity of solutions of equa-

tion (1.1) with respect to a single characteristic hypersurface and a pair of char-
acteristic hypersurfaces which intersect transversally.

3.1.   Conormal regularity with respect to a single characteristic hypersurface.

Definition 3.1. Let Z be a C2  characteristic hypersurface for P2 given in
(1.1). w(t, x) G C(R; H^R")) n CX(R; i/^^R")) is said to be conormal

with respect to Z if Mx---MjW G C(R; H^R")) D C'(R; Hf-x{Rn)) for all

C(R; H^JR")) n C'(R; Hl~xi7Rn)) vector fields Af,, ••• , Mj which are tan-
gent to Z. It will be denoted by it; G ArT-oc(Z). If this property holds for all
j < k , then u is said to be conormal of degree k with respect to Z, denoted
by w g JVT>fc(Z).

Since surfaces {t = constant} are space-like, it follows that we can assume

without loss of generality that a characteristic hypersurface Z for P2 is given
locally by {xi =cp(t,x')} with nonvanishing gradient of the function cp(t, x'),

and we suppose that u G C(R; H^R")) flC!(R; H£l{Rn)), s > § + 4. Then

cp satisfies (2.22), where coefficients are evaluated at xi = cp(t, x') and cp G
C(R; H^-2(Rn-x)) n C'(R; H^(Rn-x)) c C2(R x R"-'), by Theorem 2.11.

Consider a change of variables:

(3.1)       yo = t,       vi =x. -<p(t,x'),       y2 = x2,---,       y„=xn,

with inverse transform:

t = vo,       jci = yi + cp(yo ,y'),       x2 = y2, • • • ,       x„ = y„,

where y' = (y2, ■■■ , yn) G R"-1. Under the change of variables (3.1), Z be-

comes locally 5 = yi = 0 in the ^-coordinates. We notice that ^ , yi -^ , j^,

■■■ , -§fn generate the tangential vector fields to S. Therefore, by the chain rule,

the C(R; ^2R")) n C'(R; H^3(Rn)) vector fields tangent to Z are spanned

by

M0 = (x, - <p(t, x')) dXi ,Mx=dt + <p,(t, x')dXi ,

Mj = dx. + cpX)(t, x')dX[ ,      2<j<n.

The idea of the proof of conormal regularity is to use commutator arguments
and (1.1) to inductively establish regularity for u with respect to differentiation

by the vector fields given by (3.2) , for coefficients of a given regularity. The
improved regularity of u, coupled with (2.22), then yields improved regularity
of cp, and hence of the coefficients of the vector fields, allowing the inductive

argument to be continued.
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We note the following: For 2 < i, j < n,

d,dXi = dXi (dt + cptdXx - tptdXi) = dXi Mi - ^ ,

dtdx. = dt(dx. + cpx.dXx - cpx.dXx) = dtMj - cptx.dX{ - <px.d,dXi ,

dXl dXj = dXi (dx. + cpx. dX{ - <px. dX{) = <3X[ Mj - cpx,d2^ ,

dx.dx. = dx.(dx. + cpx,dXi - cpXjdX{) = dxMj - tpXjX.dXi - cpx.dx.dXx.

Let
n n n

F(t, xi, x') = {cpt)2 -au+ 2(aoi - Y^a0j)<Pt + 2£au^. - £ atjcpXicpXj,

7=2 7=2 ',7=2

where

atj = au(t, xi, x', u(t, xi, x'), Du(t, xx, x')).

Since F(t, cp(t, x'), x') = 0 , Taylor's theorem and (2.22) imply that

F(t,xi,x') = (xi-cp) if Fi(t, sxi + (I - s)cp, x')ds\

= (xi -<p)F(t,Xi,x'),

where Fi (t, Xi, x') = j£-(t, xi, x') . We note that by the chain rule, F may

be considered as an integral of a smooth function of t, x', u, Du, D2u, tp
and Dcp. Therefore,

n n n

flu = (<Pt)2 + 2(fl0i - £ <ka<pXj)<Pt + 2 £ ai](px. - £ autpx.cpx.

7=2 7=2 ',7=2

+ (xi -cp(t, x'))F(t,Xi,x').

Substituting an into (1.2) and using the note above,

P2(t,x,u,Du,D) = d2 - (cp,)2d2^ - 2a0i{dtdXi + cptd^)

n n

- 2 J2 aoj(d,dXj - cpx,cptd\) - 2 £ aXj{dXi dx. + cpXjd^)
7=2 7=2

n

- £ aij(dXidXj - cpXicpx.dl )~F(t,Xi, *')(*i - <P)dl
'■7=2

= (dt - cptdXi )Mi - cpttdXi - 2a0iMi

n n

- 2 £ aoj(dtMj - cpXj dX] Mi - cptXjdX]) - 2 ^ aXjdX{ Mj

7=2 ' 7=2

n

- £ aij(dx.Mj - cpx.dxMj - tpx,x.dXi)

',7=2

-F^x^x'X^.Mo-f^).

Therefore,
n

(3.3) P2(t, x, u,Du,D) = Y,ai(D)Mi + b(D),
1=0
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where aj(D) is a first order operator and the coefficients of the operator are

smooth functions and integrals of smooth functions of u, Du, D2u, tp and

Dcp , which will be written symbolically as aj(D2u, Dq>, D). Similarly, b(D)
is a first order operator and bj(D) = b(D2u ,D2cp,D).

Since [Mt,Mj] = 0, [ai(D)Ml,Mj} = c0(£»)M and [b{D),Mj\ = dj{D),
for 0 < i, j < n, where

dj(D) = cij(Diu,D2cp,D)   and   dj(D) = dj{D3u, D3cp,D)

are first order operators, we have the following lemma.

Lemma 3.1. Let P2 be the second order quasilinear differential operator given

in (1.2). Let I, be a characteristic hypersurface for P2 given locally by {xx =

cp(t,x')} with Dcp # 0 and cp g C3(R x R"). Let u G C(R;/Yf0C(R")) n

C'(R; H£l{R»)),s > f + 4. Then the C(R; Hf-2{Rn)) n C'(R; H^'R"))
vector fields tangent to Z are spanned by M0, Mx, ■■■ , M„ and

n

(3.4) [F2, Mj] = £ (dj(D)Mj + dj(D)) ,    forj = 0, 1, • • • , n,
<=o

where cu(D) = cu(D3u, D2cp, D) and dj(D) = dj{D3u, D3cp, D) are first order
operators.

Now, we state and prove the conormal regularity of a solution of equation

(1.1) with respect to a single characteristic hypersurface.

Theorem 3.2. Let P2 be as above and let IZ be a characteristic hypersurface

for P2, defined by a function with nonvanishing gradient. Suppose that u G

C(R; H^.{Rn)) n C'(R; H£lfRn)) ,s>\ + A,and u satisfies the equation

(3.5) P2(t, x, u, Du, D)u = f(t, x, u, Du),

where f is smooth. If Z is smooth in {t < 0} and u G /Vs'°°(Xn {t < 0}),

then Z is smooth for all time and u G Ns ■ °° (Z).

Proof. By finite propagation speed and an analysis local in time, it may assumed

that u has compact support in x for each t, and that Z is given by {xi =

q>(t, x')} . Then cp satisfies (2.22), which is a nonlinear equation of first order

with C2(R") coefficients, by Schauder's lemma, strict hyperbolicity of F2 and

Z being a characteristic hypersurface of P2 > because Du G C(R; Hs~l{Rn)) n

CX{R;HS-2{R")) with 5- 1 > f+ 3. Therefore, cp G C3(RxR"-'). Let
v = {u, Du), and set so = s - 2. Then, from (2.22), the hypotheses of Theorem

2.11 are satisfied for $o, and therefore

(3.6) <p{t,x')eC{R;Hso{Rn-x)).

Since the regularity of the coefficients of the vector fields Mj is a priori
lower than that of u, it is necessary to differentiate equation (3.5) in order to
use the commutator argument on an appropriate derivative of u. Let U stand
for the vector of all derivatives of u up to fourth order. From (3.5) and the
assumption on u, U G C(R; Hs~4{Rn))nC'(R; Hs-5{Rn)). Then, by the fact

that [P2, D] = a{D2), where a{D2) = a{D2u, D2) is a second order operator,

(3.7) P2{t,x,u,Du,D)U = g{DU),
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where g is a smooth function. The right-hand side is meaningful even if 5-5 <

f , because g is linear in the highest order components of DU, and the product

of a function in Hs-4{Rn) with a function in the HS-5{R") is in Hs~5{Rn)

for s - 4 > |. Let M stand for the vector operator (1, M0, ■ ■■ , M„). We

note that [Mt, D] = ht{D), for i = 0, 1, • • • , n, where ht{D) = hi{D2cp, D)
is a first order operator. From(3.7) and Lemma 3.1,

P2{t,x,u,Du, D)MU = [P2,M]U + M{g{DU))

(3.8) =c{D)MU + d{D)U + {MDU)g'{DU)

= PxiD)MU + G{DU),

where G{DU) = G{DU,D3cp) and c(£>) = c{D3u, D2cp, D), d{D) =
tf"(.D3w,D3cp,D) and P.(£>) = PX{DU, D2tp, D) are first order operators.

The coefficients of P2 are in C(R; Hs-x{Rn)) n C*(R; Hs-2{Rn)), while by

(3.6) and the regularity of U, G{DU) and the coefficients of PX{DU, D2cp, D)
are in the space C(R; Hs~5{Rn)). It then follows from (3.8) and Corollary 2.6

that

(3.9) MU G C(R; 7f*-4(R")) n CX{R; Hs-5{Rn)).

In order to use the improved regularity of U, it is convenient to differentiate

(2.22) two times. It follows that there are smooth functions f such that

(3 10) {Dl(p)t = fl{L>U{t' 9' X>)' WW^ + h(D2u(l><P>*')> d2(P)

+ h{D3u{t,cp,x'),Dcp).

Since {Mxv){t, cp, x') = d,{v{t, cp, x')) and {MjV){t, cp, x') = dx.{v{t ,cp, x'))

for 2 < j < n, it follows from applying M to (3.10) that there are smooth
functions F, such that

(3.11)
{D3cp)t = F,(£>M(1, ̂ , x'), Dcp)D{D3cp) + F2{D2u{t,cp,x'), D2cp){D3cp)

+ Fl{MD3u{t,cp,x'),D2cp).

Since DMD3u = MD4u+[D, M]D3u € C(R; 7YJ-4(R")), we have MD3u G

C(R; i/^-^R")). Corollary 2.12 implies that

MD3u{t, tp,x')e C(R; HS-4{R"-1)).

Therefore, by Corollary 2.12 for y/ = D3cp, D3cp e C(R; Hso-2{Rn~x)), that
is, cp G C(R; Hso+x{R"-x)) nC'(R; Hso{R"-x)).

Suppose inductively that (3.6) is improved to cp G C(R; Hso+k{Rn-1)) and

(3.9) is improved to Mk+X U G C(R; Hs-*{Rn)) n C'(R; ^T'-^R")). From the

analogue of (3.11) for Dk+3cp and Corollary 2.12 for ^ = Dk+3cp, it follows
that

(TJ G C(R; /^o+^R"-1)) n ••• CI Cfc+1(R; ^(R""1)).

Then, an equation similar to (3.8) holds for Mk+2U with coefficients depending

smoothly on DMk+xU and Dk+3cp , that is,

P2(t,x,u,Du, D)Mk+2U = Px{k+2){D)Mk+2U + Gk+2{DMk+xU, Dk+3tp),

where PX(k+2){D) = Pi(k+2){DU, D2cp, D) is first order operator. Consequently,

(3.9) may be improved to Mk+2U G C(R; Hs-4{Rn))nCx{R; Hs-5{Rn)). Since
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an equation of the form (3.11) holds for Dk+4cp, with MD3u replaced by
Mk+2D3u,

{Dk+4cp)t = Fi(k+2){Du{t,cp,x'), Dcp)b{Dk+4cp)

+ F2(k+2){D2u{t, cp,x'),D2cp){Dk+4cp)

+ F3{k+2){Mk+2D3u{t, cp,x'), Dk+3cp),

it follows that (3.6) is then improved to cp G C(R; Hso+k+2{Rn-x)). The in-

duction step is complete, and the regularity of the characteristic hypersurface
Z and the conormal regularity of u are established.

3.2.   Conormal regularity with respect to a pair of characteristic hypersurfaces.

Definition 3.2. Let Zo and Zi be C2 characteristic hypersurfaces for P2 given

in (1.2) intersectingtransversaUy. w{t, x) 6 C(R; H^oc{Rn))nCx{R; fl^'fR"))

is said to be conormal with respect to {Zo, Zi} if Mi ■■■ MjW G

C{R; H^{R"))nCx{R; H^X{R")) for all C{R; H^{R"))nCx{R; H^X{R"))
vector fields Mi, ■■■ , Mj simultaneously tangent to both Zo and Zi, written

w G 7VT'°°(Zo, Zi). If this property holds for all j < k, then u is said to be
conormal of degree k with respect to {Zo, Zi} , written w e Nr'k(Lo, Zi).

Suppose that Zo and Zi are characteristic hypersurfaces for P2 given lo-
cally by {xi = tp°{t,x')} and {xi = cpx{t,x')} respectively, and suppose

that Zo and Zi intersect transversaUy with tp? - cp\ ± 0. Let T = Zo n Z] .

Suppose that u G C(R; Hf^R")) n C'(R; H£l{Rn)), s > § + 4. Then <p°

and cpx satisfy (2.22) with coefficients evaluated at Xi = cp°{t, x') and Xi =

cpx{t, x') respectively, and <p°, cpx e C(R; H^-2{Rn'x))nCx{R; H^3{R"-X)) c

C2 (R x R"-') by Theorem 2.11.
Consider a change of variables:

(3.12) yo = Xi-tp°{t,x'),yi=Xi-tpx{t,x'),y2 = x2,--- , y„ = xn.

We know that the Jacobian of (3.12) is cp] -tp^O. Let y/{t, x') = cp°{t, x') -
<Pl(t,x').

Under the change of variables (3.12), Z0 and Zi become locally So =
{yQ = 0} and 5i = {vi = 0} respectively in the ^-coordinates. The vec-

tor fields tangential to both 5b and Si are generated by the vector fields

^oaf- » y\ W, » ̂ » • •' » Wn ■ Therefore, by the chain rule, the C2 vector fields

tangent to both Zo and Zi are spanned by

Mo = ~ (xi - <p°{t, x')) (dt + cp\{t, x')dx) ,

(3.13) Mi = -1 (xi - q>x(t, x')) (dt + f7J°(l, x')dX]) ,

Mj = jt[\~Vx,dt + {cp°tcpxX] - cp)cp°x_)dXi + y/,dx.) ,        2 < j < n.

Let D0 = ±(d, + tpxdx>) and A = ±{d, + <p?dXl). Then

M0 = -(jc, - tp°)D0, Mi = (x, -cpx)Dx    and   Mj = -<pxD0 + cpxxDx + dXj.
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Notice that d, = <p?D0 - cp\Dx, dX[ =DX-D0 and dx = <p° D0 - cp\ Dx + Mj.

We have the following expressions: For 2 < i, j < n,

d2 = {cp°t)2Dl - 2cp°cpxDoDi + {cp\)2D2 + hm{D2f, D),

dtdXi = -cp°tDl + (r/7r° + cpx)DoDi - cp\D\,

dtdXj = {cpt>f°X))Dl - {cpxcpx)DoDi + {cp\cp\)D2

+ cp°tDoMj - cpJDiMj + h0j{D2cp, D),

a2 = Dl - 2DQDi + D2,

dXldXj = -cpxD2 + {cpXj + <plXj)D0Di - cpxxD2

+ DiMj - DoMj + hij{D2cp, D),

02 = {cpx)2D2 - 2{cpXjCpxx)DoDi + {cpxx)2D2

+ 2<pxD0Mj - 2cpxxDiMj + MJ + hjj{D2cp , D),

dXjdXj = {cp%(px)Dl - {cpxyXj + cpXjcpxx)DoDi + {cpXiCpxx)D2i

+ {cpXi + <pXj)D0Mj - {<pXt + <pXj)DiMj + MiMj + hij{D2cp, D).

Then

n

P2{t,x,u,Du,D) = co-Do + CiD\ + coxDoDx + £ CojDqMj

(3-H) „ „ J=2

+ Y,cXjDxMj+ £ djMiMj + h{D),
7=2 1,7=2

where

(n \ n n

floi ~ £flo;    9i +2£fli7^y ~ £ aijP^Vxj

7=2     / 7=2 '     ',7=2

for k = 0, 1, dj = cu{D2u, Dcp) and h{D) = h{D2u, D2cp, D) is a first order
operator. Let, for k = 0, 1,

(n \ n n

floi - £ aot<\9t +2 £ aXjcpkXj - J2 "ijVx <PX] ■

7=2     / 7=2 1,7=2

Since Zo and Zi are characteristic hypersurfaces for P2 > Fk{t, <pk{t, x'), x') =
0. Therefore, as we see in the proof of Theorem 3.2,

Fk{t, x,, x') = (X] - cpk)Fk{t, Xi, x'),

where Fk is an integral of a smooth function of t, x', u, Du, D2u, tp and
Dip. Therefore, c0 = c0{D2u, Dcp){xx - tp°) and cx = Ci{D2u, Dcp){xx - cpx).

By the assumption of strictly hyperbolicity, Cqi # 0, so after division we assume
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that Coi = 1. Therefore,

n

P2{t,x,u,Du,D) = D0Di + rooD0Mo + r.. A A^i + £ rojD0Mj

(3.15) J=2v ' n n

+ £ rijDiMj + £ njMiMj + b{D),
7=2 1,7=2

where !*,•_,■ = rtj(D2u, Dtp) and b{D) = b{D2u, D2cp, D) is a first order opera-

tor.

Before we consider commutators [P2, Mf\, for j = 0, 1, • • • , n, we will

first observe several basic commutators. Let D0 = dt + cp\dx and A = dt +

<p\?dXi . Since we have [D0, A] = PrA, and (AiOM)) A - (AOM)) A =
- (wtt/(Wt)2) dx , [Do, Di] = 0. Therefore, we have the following lemma.

Lemma 3.3. Let Do and A be first order operators as above. Then

D0(xi-<p0) = -l,Do{xi-<px) = 0,Di{xi-cp0) = 0,    and   Di{xi-cpx) = I.

By using Lemma 3.3, we can compute commutators [Dj, Mj] for i = 0, 1

and 7 = 0, 1, • • • , n .

Lemma 3.4. Let D0, A and Mj be as above. Then we have

[Do, M0] = Do, [Do, Mi] = [A ,M0] = 0, [A , M{\ = A

and
[D0, Mj] = [Di ,Mj] = 0   for j = 2, • • • , n.

Proof. We consider only [D0, Mj] and [A , Mj]. We note that [D0, dx] =

[Dx,dXj] = {l/wt)(<P?xDo-<p}xDx),D0{y>Xj) = A(^) = UM)<   and

A) (Pi ) = A (pi ) = (l/Wt)Vtx ■ Therefore, for i = 0, 1 and j = 2, ■■ ■ , n ,
j j j

[Dt, 71/,] = [Di, -pS. A + cpxxDx + dXj] = 0.

This completes the proof of lemma.

For the commutators [Mj, Mj], for i, j = 0, 1, • • • , n, we have the fol-

lowing lemma.

Lemma 3.5. Let Mo, Mx, ■■■ , M„  be as above.   Then, for i, j = 2, ■■■ , n

with i 7^ j, we have

[Mo ,Mi] = [M0, Mj] = [Mi, Mj] = [Mt, Mj] = 0.

Proof. We can easily see, from Lemma 3.3, that [M0, Mi] = 0. Notice that

-iMo{cpx))Do + {Mo{cp\))Di - (x, - tp°)[D0, dXj] = 0

and

-cpXj[Mo, A] + {dx, (xi - <P°))D0 = 0.

Similarly, we have

-(Mx(cpx))Do + (Mx(cpxx))Dx + (x. - cpx)[Do, dXj] = 0
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and
cpxx[Mi,Di]-(dX](xi-cpx))Di=Q.

Therefore, [M0, Mj] = [Mi, Mj] = 0 for j = 2, • • • , n. Since

[Mi, Mj] = [~cpxD0 + cpxxDi + dXi, Mj]

= -cpi[Do, Mj] + (Mj(cpXi))A> + Pi, [A , Mj]

-(Mj(cpxx))Di+[dXi,Mj],

by Lemma 3.4, it is enough to show that the coefficient of A and A are

0. We note that A(P° ) = A(P° ) = (1M)P?*. and A(p1.) = A(pi.) =

(l/Wt)(p\x. ■ From the note above, the coefficient of A> which comes from

the terms (Mj(tpx))D0 and [dx , Mj], is 0. Similarly, the coefficients of A

becomes 0. Therefore, [Mj, Mj] = 0.

Lemma 3.6. Let Do, A and Mj be as above. Then we have

[AA , M0] = AA ,  [AA , Mo] = AA,
[DoDi,Mk] = Q      fork = 2,--- ,n,

[DoMj,Mo] = DoMj,   [D0Mj,Mk] = 0  fork^O,

[DxMj,Mx] = DxMj,   [DiMj,Mk] = 0   for k ^ I

and

[MiMj, Mk] = 0      for i, j, k = 0, 1, ••• , n.

Proof. The proof immediately follows from Lemma 3.4, Lemma 3.5 and the

fact that [AB, C] = A[B, C] + [A, C]B .

From Lemma 3.6, we have the following lemma.

Lemma 3.7. Let P2(t,x,u,Du,D) be a strictly hyperbolic quasilinear operator

given in (1.2). Let Zo and Zi be characteristic hypersurfaces for P2 intersecting

transversaUy. Suppose that Zo and Zi are given locally by {xi = <p°(t, x')} and
{xi = cpx(t, x')} respectively, with tp°, tp1 e C2(R x Rn_1) and y/t ^ 0. Let

u G C(R; H(JRn)) n C'(R; ^'(R")), 5 > f + 4. Then the C2 vector fields
tangent to both Zo and Zj are spanned by Mo, Mi, ■■■ , M„ , and

n

[P2 ,Mj] = P2 + Y, «j(D)Mi + hj(D),    for j = 0,1,
'=0

and

[P2, Mj] = £ rij(D)Mi + hj(D),       forj = 2,--,n,
'=0

where ru(D) = ru(D3u, D2tp°, D2cpx, D), hj(D) = hj(D3u, D3tp°, D3cpx, D)

are first order operators.

Proof. The proof follows from Lemma 3.16 and the fact that [a A, B] = a[A, B]
- (Ba)A.

Now, we can state and prove the conormal regularity of a solution of equation
(1.1) with respect to a pair of characteristic hypersurfaces intersecting transver-

saUy.
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Theorem 3.8. Let P2 be as above and let Zo and Zi be characteristic hy-

persurfaces for P2 intersecting transversaUy in {t > 0}. Suppose that u G

C(R; Hf^R")) nC'(R; H^iR")), s > § + 4, and u satisfies the equation

(3.16) P2(t,x, u,Du,D)u = f(t,x, u,Du),

where f is a smooth function of its arguments. If Zo and Zi are smooth in
{t< 0}, and u G A"'°°(Z0, Z.) in {t < 0}, then we have:

(1) T is smooth,
(2) Zo and Zi are smooth outside T,

(3) u is smooth outside Zo U Zi,
(4) locally, u G /V^°°(Zo, Z,).

Proof. By finite propagation speed and an analysis local in time, it may be

assumed that u has compact support in x for each t, and that Zo and Zi
are given by {xi = <p°(t, x')} and {xi = cpx(t, x')} respectively. Assume that

y/t^0. Then cp° and cpx satisfy (2.22). From now on, as a matter of notational

convenience, we use cp for both cp° and cpx . As we see in the proof of Theorem

3.2, cp G C2(R x R"-') and for s0 = s - 2,

(3.17) <p(t,x')eC(R;Hso(Rn-x))

since s > § + 4.
Let U stand for the vector of all derivatives of u up to fourth order. From

(3.16) and the assumption on u, U G C(R; Hs-4(R"))nCx(R; Hs-5(Rn)) and

(3.18) P2(t,x,u,Du,D)U = g(DU),

where the right-hand side is meaningful as we noted in the proof of Theorem
3.2. Let M stand for the vector operator (1, Mo, Mi, ■ ■ • , M„). We note

that [Mi, D] = hi(D2cp, D). From (3.18) and Lemma 3.7,

P2(t,x,u,Du, D)MU = [P2,M]U + M(g(DU))

(3.19) = P2U + c(D)MU + d(D)U + (MDU)g'(DU)

= Pi(D)MU + G(DU),

where   G(DU)   =   G(DU,D3cp)   and   c(D)   =   c(D3u, D2cp, D), d(D)   =
d(D3u ,D3cp,D) and P, (D) = Pi (DU, D2cp, D) are first order operators.

The coefficients of P2 are in C(R; HS-X(R")) r\Cx(R; Hs~2(Rn)), while by

(3.17) and (2.22), G(DU) and the coefficients of Pi(DU, D2cp, D) are in the
space C(R; £P-5(R")). It then follows from (3.19) and Corollary 2.6 that

(3.20) MU G C(R; Hs-4(Rn)) nC'(R; Hs-5(Rn)).

In order to use the improved regularity of U, it is convenient to differentiate

(2.22) two times. It follows that there are smooth functions f such that

(3 21) {D2<P)' = fx{Du{t'(p'x')' D<P)b(D2<P) + f2(D2u(t,tp,x'), D2cp)

+ h(D3u(t,cp,x'),Dcp),

where D is the vector operator (dx , ■■• , dxJ .

Let cpj = <p°<pxx - cpxcpx , &° = L^LPj and 5fx = L\, L) , where L° =

(y//y/t)(dt + <p\?dXi'), L\ = (y//y/t)(dt + tpjdXj) and

L°j = L) = (l/y/,)(-y/Xjdt + 4>jdX) + y/tdx7).
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We note that [L, D] = k(D2yi, d,, dXj)+k(D2y/, D2cp, dX{) for L G &°u5?x.

Since dt = (y/t/y/)Li and dx = (yix fyi)Li - Lj away from ^ = 0, where

L, = (y//¥t)dt and Z, = (1 /Wt)(-¥x.dt + VtdX]), D(D2cp) = l(Dy/) (LD2cp)

away from {y/ = 0} .
Since (Lu)(/, p', x') = L(v(t, cp', x')) for L e 3"', i = 0, 1, it follows

from applying L e 7zf' to (3.21) with cp1 in place of cp respectively, that there
are smooth functions F, away from y/ = 0 such that

(lZ>V)  = F.(Z>w(!, p', x'), Dtpi)b(LD2tpi)

(3-22) +F2(D2u(t, cpi,x'),D2cpi,D2y/)(LD2cpi)

+ F3(LD3u(t, cpi ,x'),D2cpi ,Dyt).

Since ZXMAw = MD4u + [D, M]D3u G C(R; i/*-4(R")), we have MD3u G
C(R; Hs-3(Rn)). By Corollary 2.12, LD3u(t,cpi,x') e C(R; HS-4(R"-X)).

Therefore, Corollary 2.12 implies that LD2cp e C(R; Hso-2(R"-x)).

The functions cp' (and hence y/) are not necessarily smooth across {<p° =
p1} (that is, {^ = 0} ), as is known from the example of Messer [9]. On the

other hand, T itself (defined by {y/ = 0}n{xj = tp0}) will be seen to be smooth.

In order to avoid the functions tp' on the set {y/ = 0} n {xi = cp0}, we use

finite propagation speed and analyze regularity separately in the past and in the
future.

Since y/t ̂  0, by the implicit function theorem, there is a function t = r(x')

such that y/(t:(x'), x') = 0. Therefore, T can be expressed by {(t, xx, x') :

ip(t(x'), x') = 0} n {(t, xx, x') : Xj = f°(z(x'), x')} . For sufficiently small
e > 0, let

Ri - {(t, xi,x'):t + e\xi - cp°(z(x'), x')\2 < x(x')},

R2 = {(t, x,, x') :t + c\xx - tp°(T(x'),x')\2 > r(x')},

R3 = Rn+x\(RxUR2).

On A3, u is smooth away from T by finite propagation speed. Therefore, we
will consider the lower region Rx and upper region R2 . Let

Rt _ ( Mj   on Ri for i = 1,2,

j       \ 0      otherwise.

Then we have Lemma 3.7, (3.19), (3.20) and (3.22) for Aif' . Applying MR>
to equation (3.19), we obtain the equation

P2(MR.)2U = Px2(D)(MRi)2U + G2(DMR>U, MR>D2cp).

From (3.22), MRiD2cp e C(R; Hso~2(R"-x)) and then, by Corollary 2.12,

(3.23) (MRi)2U G C(R; Hs~4(Rn)) n C(R; Hs-5(Rn)).

Applying L e 21' to (3.22), we have the equation

(L2Z>y)i = Fn(Du(t, tp^x^^cp^DD2?')

(3.24) +F22(LD2u(t, cp1 ,x'),LD2cpi,D2yi)(L2D2cpi)

+ F32(L2D3u(t, cpi, x'), LD2tp', LD2yi).
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A similar argument as above implies that L2D2cp G C(R; Hso~2(Rn~x)).

By differentiating y/(-z(x'), x') = 0 with respect to x;, we have

dr dx ¥x (t(x'), x')
(3.25)   -t^J.x^ + ̂ CM.xO-O   or    |1 = _-A_L_L_!.

Therefore, the regularity of T depends only on the regularity of tp since t(x') g
C2(R"-1) and y/ = cp° - cpx. More precisely, we have the following:

On T, the vector fields M2, ■■■ , M„ are equivalent to the vector fields

dXj, • • • , dXn and, from (3.25),

dXj (cp(x(x'), x')) = ^(x(x') ,x')£- + |^(t(x'), X')

C3 261 Wx
{-      ' = —-±(x(x'),x')dtCp(x(x'),x')+dXjCp(x(x'),x')

Wt '

= (MJcp)(x(x'),x').

Therefore, the improved regularity of cp with respect to M2, • • • , M„ implies

the improved regularity of cp(x(x'), x') with respect to d2, ■■■ , d„ and of
t(x') with respect to d2, ■■■ , d„ since we can write (3.25) as

<3'27)       Ui - - '$%,$ - F ('•■ Mx'] ■ x'] ■ "Mx,) • x']) •

where F is a smooth function of its arguments. Moreover, from (3.26),

d2X I   \( dx \ (      dx V
M*~ = V} LV **' dl, ~ ¥x>x>) Vt + Vx> V"d*~, + ¥tV.

= —j (p,^ Vx, Vt - WxiXj VtVt - WXj VttVx, + Pix, VtVXj) ,

evaluated at (t(x') , x'), and

dXi(dXj(cp(x(x'),x')))

(     dx \ dx d2x dx
= [9uWi + <Ptx,) ̂  + <Pf^ + <PtXj gj + 9xiXj

= (MiMjCp)(x(x'),x').

Suppose inductively that (3.17) is improved to LkD2cpi g C(R; Hso-2(R"-x))
and (3.23) is improved to (MR.)k+xU G C(R; Hs-4(Rn)) n CX(R; Hs~5(Rn)).

From the analogue of (3.24) for Lk+xD2cpl and Corollary 2.12, it follows that,

on each R,,

cp G C(R; Hso+k+x(R"-x)) n ■ • • n Ck+X(R; Hso(Rn~x)),

since dt = (y/t/w)Li and dx = (yix/y/)Li - Lj. Then, an equation sim-

ilar to (3.19) holds for (MR>)k+2U with coefficients depending smoothly on
D(MRi)k+xU and (MR-)k+xD2cp, that is,

P2(t,x,u,Du,D)(MRi)k+2U

= Pi(k+2)(D)(MR.)k+2U + Gk+2(D(MR.)k+xU,(MRi)k+xD2cp),
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where Pi(k+2)(D) = Pi(k+2)(DU, D2cp, D) is a first order operator. Conse-

quently, (3.20) may be improved to (MRt)k+2U G C(R; Hs-4(Rn)) n

C'(R; HS-S(R")). Since an equation of the form (3.24) holds for Lk+2D2cpi,
that is,

(Lk+2D2cp')t = Fi{k+2)(Du(t, p'\x'), £p)ZKI*+22>V)

+ F2{k+2)(Lk+xDu(t, cpi,x'),LDcp',D2y/)(Lk+2D2cpi)

+ F3{k+2)(Lk+2D3u(t, cpi,x'),Lk+xD2cpi, Lk+xD2ip),

it follows that (3.17) is then improved to cp g C(R; Hso+k+2(Rn-1)) on each

Ri. At the same time, the regularity of T is improved along with the regularity
of cp by (3.27). The induction step is complete. Therefore, the regularity of V
and the characteristic hypersurfaces Zo , Zj away from T, and the conormal
regularity of u are established.

Lemma 3.9. Let P2 be as above and v(t,x) satisfy the equation P2v(t, x) =

g(Dv), where g is a smooth function of its arguments. Let, for all ki, ••• ,k„

and for s > § + 4,

(*,&,)*' (dX2)kl ■■■ (dxf" v(0, x) G HS~4(R"),

(*i0*,)*' (d^f2 • ■ • (dXnf° vt(0, x) G /F-5(R").

Then, for any k > 0, xkd,kv(0, x), xkdkv(Q,x),  T,il+i2=kxkdx'dx2v(0, x)

and Y7,ix+i2=kx\®x dxv(0, x), where li  > 0 and j > 0, are in the space

HS-4(R") '

Proof. We prove this by induction on k . For k = 1, Xit9,u(0, x) G Hs~4(Rn)

since dXi(xidt)v(0, x) = dtv(0, x) + (xidXi)vt(0, x) and dx (xid,)v(0, x) =

xxdx.v,(0,x) are in the space HS-5(R"). Also xidxv(0,x) e Hs~4(Rn) by

the hypothesis. Suppose that the lemma is true for k - 1. Note that (xjd* )k

is a linear combination of Xidx , ••• , xkdk . Therefore xkdk is a linear

combination of (x.3^), ••• .(x,^)* and so xkdkv(0,x) G HS-4(R") and

xkdx vt(0, x)   G Hs-5(Rn), for 1 < / < k , by the induction hypothesis.

For /i = 1, we want to examine the regularities of (xkdtdk~x)v(0, x) and

xkdtdk-xv(0,x). Since dXi(xkdtdkfx)v(0, x) = kxk-xdkfxv,(0, x) +

xkdkvt(Q,x) and dXj(xkdtdkfx)v(0, x) = xi(xk-xdkfx)(dx.)v,(0, x) for j

> 1,' (xkd,dkfx)v(Q,'x) G yY*-4(Rn). Similarly (xkd,dk-x)v(0, x) is in the

space /Y*-4(Rn) for ;' > 1. For /. > 1, d2 = P2 + Yiaij(bu)dxdX! from (1.1)

and so

xfd/^O, x) = xkd2(dk-2v)(0,x)

= xkP2V(0, x)+xk^aij(Du)(dxdxV){0, x)

= xkg(DV)(0, x) + xf £ aij(Du)(dXidx. V)(0, x),
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where V(t,x) = dk~2v(t,x) and P2V = g(DV) given by differentiating

P2v = g(Dv) by dk~2. Therefore, by the induction hypothesis and Schauder's
lemma, xkdkv(0, x) G Hs-4(Rn). Similarly,

xf »/• dx]v(0, x) = xkdx\ d2(dlt> ~2v)(0, x)

and so xf d,1 dx v(0, x) G  Hs~4(Rn). This completes the proof of lemma.

Theorem 3.10. Let P2 be as above and let Zo and Zi be characteristic hypersur-

faces for P2 in t > 0 intersecting transversaUy in 1 = 0, with T = ZoflZi . Sup-
pose that Z0 and Zi are given locally by xx = tp°(t, x') and xi = cpx(t, x') re-
spectively with y/ti^fj, where y/ = cp°-cpx. Suppose that u G C(R+; iYjs0C(Rn))n

C1 (R+; H^~x (Rn)), J > f + 4, and u satisfies the equation

P2(t, x, u, Du, D)u = f(t, x, u, Du),

where fi is a smooth function of its arguments. Suppose that T is smooth. If
m(0, x) and w,(0, x) belong to NS'°°(T), then we have:

(1) Zo and Hi are smooth,
(2) u is smooth outside Zo U Zi,
(3) locally, u G Ns<°°(Lo, Z<).

Proof. By finite propagation speed and an analysis local in time, it may be
assumed that u has compact support in x for each t. From now on, as a
matter of notational convenience, we use cp for both tp° and cpx. As we see in

the proof of Theorem 3.2, cp G C2(R+ x R"_i) and for So = s -2,

(3.28) <p(t,x')eC(R+;Hso(Rn-1))

since s > § + 4.
Let U stand for the vector of all derivatives of u up to fourth order. By

a smooth change of variables, we may assume that Y = {xi = 0}. Then the

vector fields tangential to T are generated by xi ^- , ^ , • • • , g|- .

Let M stand for the vector operator (1, Mo, Mi,--- , M„). We note that

[Mi, D] = hi(D2tp, D). From (3.19),

P2(t,x,u,Du, D)MU = Pi(D)MU + G(DU),

where G(DU) = G(DU,D3cp) and c(D) = c(D3u, D2cp, D), d(D) =
d(D3u, D3cp, D) and PX(D) = Pi(DU, D2cp, D) are first order operators.

The coefficients of P2 are in C(R+ ; ^"'(R")) n CX(R+; Hs-2(Rn)), while

by (3.28) and (2.22), G(DU) and the coefficients of Pi(DU, D2tp,D) are in
the space C(R+; Hs-5(Rn)).

Since m(0, x) and w,(0, x) are conormal with respect to T, we have

(xidXi)k' (dXi)k2 ■ ■ ■ (dxf" 1/(0, x) G iF-4(R"),

(*i^)*' (dX2)ki ■ ■ ■ (dxf" Ut(0,x) G //*-5(R").

Since tp°(0, x') = 0 = cpx(0, x'), by Taylor's Theorem, for i = 0 and 1,

<p'{0,x) = t f <p{(st,x')ds = ty'(t,x'),
Jo

where cp\(t, x') = %(t, x').
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Let yj = tp° - cpx. Then yi = tyi. We note that cp\ = cp1 + tcp\, cplx =

tcpXj, yiXj = ty/x. and

4>j = <P?<PXj ~ <Pl<P°Xj = t (p°pi. - t$cpxXi - tpxcpXj - tcpxcpx^ .

Therefore, <pj(0 ,x') = 0, and y/x (0, x') = 0.

We want to examine the regularity of MU(0, x) by using the conormal

regularity of the initial data. First, from (3.13)

(MoU)(0,x) = - (xi - q,°{0, x')) 1(0, x') (dt + <px(0, x')dXy) 17(0, x)

= -1(0, x') (xidt) £7(0, x) - tpx(0, x') (x.c^) U(0, x).

Since dXx(xxdt) U(0, x) = C/,(0, x)+(xxdXi)U,(0, x) G H'-5{R») and <3Y(x,d,).

U(0,x)  =  (xxdXj)Ut(0,x)  G  /F-5(R"), (xid,)C/(0,x)GvYJ-4(Rn/andso

(M0U)(0,x)   G  //^4(R").
Second,

(Mx U) (0,x)={xi-cpx(0, x')) 1(0, x') (dt + tp?(0, x')8Xi) t/(0, x)

= -1(0, x') (x,a,) C/(0, x) + 1(0, x')p,°(0, x') (xidXi) U(0, x).
tyt Vt \       '/

Therefore (Mi U) (0, x) G HS-4(R"). Finally, for j = 2, • • • , « ,

(M,L/)(0,x)

= 1(0, x') (-^,(0, x')a,C/(0, x) + 0A, 1/(0, x) + ¥tdx.) £7(0, x)

= dx.u(0,x),

and so (MjU) (0, x) G VY*-4(R").
It then follows from Corollary 2.6 that

MU G C(R+ ; ^-"(R")) n C'(R+ ; Hs-5(Rn)).

In order to use the improved regularity of U, it is convenient to differentiate
(2.22) two times and then we get (3.21).

Let J?0 and 2'x be as in the proof of Theorem 3.8. As we see in the

proof of Theorem 3.8, it follows from (3.22) and Corollary 2.12 that LD2cpi G
C(R+;Hso-2(R"-x)) since LZ>V(0, x') G Hso-2(R"-x).

Applying M to equation (3.19), we obtain the equation

P2(M2U) = Pn(D)(M2U) + G2(DMU, MD2cp),

with Pi2 = Pi2(DU, D2cp) a first order operator.

From (3.22), MD2cp e C(R+; Hso-2(R"~x)) and then, by Corollary 2.12 and
Lemma 3.9,

(3.29) M2U(t, x) G C(R+;ff-4(R"))nC'(R+;r5(R")).
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Applying L G 2Cl to (3.22), we have the equation

(L2D2cp')t = Fi2(Du(t, cpl,x'),bcpi)D(L2D2cpi)

(3-3°) +F22(LD2u(t, cp1, x'),LD2cpi, D2y/)(L2D2cp')

+ F32(L2D3u(t, cp1 ,x'),LD2cpi,LD2yi).

A similar argument as above implies that L2D2cp g C(R+; Hso~2(Rn~x)).

Suppose inductively that equation (3.28) is improved to LkD2cpi g

C(R+ ; Hso-2(R"-x)) and (3.29) is improved to Mk+X U G C(R+; HS-4(R")) n

C'(R+; Hs~5(Rn)). From the analogue of (3.30) for Lk+xD2cpi and Corollary

2.12, it follows that

cp G C(R+; Hso+k+x(R"-x)) n• •• n Ck+X(R+; Hso(R"-x)),

since dt = (y/,/y/)Li  and dx  = (y/x fy/)Li - Lj. Then, an equation similar

to (3.19) holds for Mk+2U with coefficients depending smoothly on DMk+xU
and Mk+xD2cp , that is,

P2(t,x, u,Du,D)Mk+2U

= PHk+2)(D)Mk+2U + Gk+2(DMk+x U, Mk+xD2tp),

where Pi(jfc+2)(A = Pi(Ar-r2)(-0^> D2cp, D) is a first order operator. Conse-

quently, (3.20) may be improved to

Mk+2U G C(R+; HS-4(R")) n C(R+; Hs~5(Rn)).

Since an equation of the form (3.31) holds for Lk+2D2tp', that is,

(Lk+2D2cpi)t = FHk+2)(Du(t, cpi,x'),Dcp)b(Lk+2D2cpi)

+ F2(k+2)(Lk+xDu(t, cp1, x'), LDcp1, D2y/)(Lk+2D2cp')

+ F3(k+2)(Lk+2D3u(t, cp', x'), Lk+XD2cpl, Lk+xD2ip),

it follows that (3.28) is then improved to cp e C(R+; Hso+k+2(R"-x)). The

induction step is complete. Therefore, the conormal regularity of u is estab-

lished.

4. Piecewise smoothness

In this section, we will consider the piecewise smoothness of a solution u of

the equation P2(t, x,u, Du, D)u = f(Du).

Definition 4.1. Suppose that an open set Q in Rn+1 is divided into finitely

many open components, Q,, by a family of C(R; H^0C(Rn))r)Cx(R; H£l(R")),

r > j, hypersurfaces A , ■ ■ • , Av • A function u(t, x) is called piecewise con-

tinuous if its restriction to each Q, has a continuous extention to Q,, written

u G C(Q\A ,■■■ ,HN).

When the A are clear from the context we will just say that u is piecewise

continuous (p.c). A function u(t, x) is called piecewise smooth if Dau is

piecewise continuous for all a, written

u<EC°°{£l\Hi,--- ,HN).
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In this section, by u being piecewise smooth we mean that Dau is piecewise

continuous for all \a\ > k, for some k . Let tf be an open neighborhood of
the origin and let tf0 = cf n {t = 0} . Let Z0, Zi and T be as in section 3.2.
With a slightly changed time coordinate, we may assume, by strict hyperbolicity
of P2 and the hypothesis of Theorem 3.8 since T is smooth, that T divides

@o into two connected components and Zo U Z] divides @ in four connected

components.

In order to treat piecewise smoothness, we treat the initial value problem, as

in Rauch-Reed [15], instead of making assumptions in {t < 0} .

Theorem 4.1. Let P2 be as in (1.2) and let Zo and Zi be characteristic hyper-

surfaces for P2 intersecting transversaUy in {t = 0} with T = Zo nZj. Suppose

that u g C(R; H^(R")) n CX(R; Hf-x(Rn)), s > f + 4, and u satisfies the
equation

(4.1) P2(t, x, u, Du, D)u = f(t, x, u, Du),

where f is a smooth function of its arguments. Suppose that T is smooth. Sup-

pose that «(0, x) G A*oc(R") and U'(Q, x) G ̂ '(Rn) fl"fl" "(0, x), m,(0, x) G

C°°(^0\r). Then u(t, x) G C°°(^\Z0, Z,).

Proof. We remark that the same argument as in section 3.2, except for the initial

value problem instead of the case in which the hypotheses are made in {t < 0} ,

implies that Zo and Zi are smooth away from T and u G A"-00^, Zj).

Therefore u is smooth outside Zo U Zi.
It suffices to prove the theorem locally. We use cp, Do, A and Mj as in

the proof of Theorem 3.8. We will show for each m > 0, i + j = m and for

all a, that

(4.2) Dl0D{Mav , DqLP^w g p.c.,

where a = (ao, ai, ••• , a„), v = Dq(D3u) , w = Dx(D3u) and M is the

vector operator (Mo, Mx, ■ ■ ■ , M„). This will imply that the functions <p° and

cpx are themselves piecewise smooth and hence the vector fields have piecewise

smooth coefficients. Since D0 , A and M = (M2 ,-•■ , M„) span F(R x R"),
this implies the desired result.

The proof is basically by induction on m. Recall from Theorem 3.8 that
MtD3u G C(R; H{-3(R»))nCx(R; H^~4(Rn)), M^(D2cp) G C(R; //^"(R""1))

for all P. For m = 0 and a = 0, since s> f+4, cp(t,x') G C2(RxR"-') and
so v,w e C(RxR"). Suppose that Mav , Maw G C(Rx R") for \a\ = k-l.
Then

(4.3) MjMav = D0MjMaD3u + [MjMa, D0]D3u G C(R x R").

By Lemma 3.4, [M£, D0] = 1^=0 Cj(k)DoM^ , where Cj(k) are constants de-

pending only on k. Therefore, Mav e C(R x R") for \a\ = k. Similarly,
Maw G C(R x R").

In order to see the induction process more precisely, we prove (4.2) for m =

1.   From (3.15) and the equation P2(D3u) = G(DD3u),  v  and w  satisfy
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equations of the form:

(4.4)
n n n

D0w + rooM0v + rxxMxw + £ r0jMjV + ^ rXjMjW + £ rijMiMjD3u

7=2 7=2 1,7=2

= f(D2u ,v,w, MD3u, D2cp)

and

(4.5)
n n n

Div + rooM0v + rxxMiW + £ r0jMjV + ^ rXjMjW + £ rijMiMjD3u

7=2 7=2 1,7=2

= f(D2u, v , w, MD3u, D2cp),

where / is a smooth function of its arguments. Therefore, by the case of

m = 0, DqW and Dxv are in the space C(R x R").

We apply Mj to equations (4.4) and (4.5). Then we have

MjDoW = MtDiV

= (Miroo)M0v + rooMjMoV + (Mjrn)MiW + rnMtMiW

+ £ (Mtroj)MjV + r0jMiMjV + £ (Mjrij)MjW + r^MjMjW

j j

+ £, (Mirjk)MjMkD3u + rjkMiMjMkD3u

j,k

+ g(MiD2u, MjV , MjW , MjMD3u, M,D2cp),

where g is a smooth function of its arguments. Therefore, by (4.3) and since
MiD2cp e C(R; Hs~4(Rn)), we have MtDxv, MtD0w € C(R x R") for all

1 = 0, 1, — , n. By an induction argument and improved piecewise regularity

of cp with respect to Mi, we have

7¥QDiD,A/aD0ii)€C(RxR'!)   for all a.

In order to show that Dot; is piecewise continuous, we apply A to equation

(4.5) to obtain the equation

Dx(D0v) + (D0roo)MoV + rooM0D0v + (D0rn)MiW + ruMiD0w

+ Y, (D0roj)MjV + rOjMjD0v + ^ (D0rij)MjW + rXjMjDoW

j j

+ Y, (D0rjk)MjMkD3u + rjkMjMkD0D3u
j,k

= /, (A#2«, D0v , Dow , MD0D3u, D0D2tp),

or

(4.6) Q+{Dov) + go(D2u, v,w, MD3u, D2tp)(D0v) = gx,

where Q+ = Dx + rooMo + Ylnj=2 r0jMj, go is a smooth function of its arguments

and gx is a smooth function of its arguments DqD2u , D0D2cp , Mov , Mxw ,

MxDqW , MjV , MjW , MjDqW , MtMjD3u and MjMjV . By applying A to
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equation (3.21), we have the equation of form (3.22) replaced L and L by A

and ydt. Therefore, we have

(4.7) Q(DoD2cpx) = Gi(DoD2cpx) + G2,

where Q = dt - f'(Du(t,<p,x'), Dcp) Y!j=2dx. and Gi, G2 are smooth func-

tions of their arguments. Since Q is transversal to Zo, Zj and {1 = 0} by the

slightly changed time coordinate, DoD2cp is piecewise continuous by Lemma
4.2. Here we use the fact that piecewise continuous functions form an alge-
bra invariant under composition with C°° functions. Therefore, (4.6) can be
written as

(4.8) Q+(D0v) + (p.c)(D0v) = px.

We note that Q+ is a vector field transverse to Zi and 1 = 0. Since t = 0

is a noncharacteristic hypersurface, all derivatives may be computed from the
initial data at t = 0 and thus A^(0, x) is p.c. Therefore, by Lemma 4.2, D0v

is p.c. on <^\Z0. A similar proof for Q- = Do + ruMi + Y!)=2 r\jMj shows

that Diw is p.c. on ^\Zi .
In order to show that D0MiV and DiMjW are p.c. for i = 0, 1, • • • , n , we

differentiate (4.6) with respect to Mj. Then we have

(4.9) Q+(MiD0v) + (h0)(MiD0v) - (hx),

where ho and hi are smooth functions of their arguments, which are all p.c.

Note that DoMiD2cp is piecewise continuous by similar arguments as above
after applying Mi to equation (4.7). DoMjV satifies an initial value problem

of the form (4.11), and then, by Lemma 4.2, D0Mtv is p.c. on rf \Z0. A
similar proof for Q- = A + ^n-^i + Y7!j=2r\jMj shows that DiMtw is p.c. on

<f\Li. Again, by an induction argument and improved piecewise regularity of
yt with respect to A, A and Mj, we have

MaD0v , MaDiW G C(R x R")       for all a.

We assume that (4.2) and DqD'^v , D'0D{Maw , hold for i + j = m-l.
Then we will show that (4.2) holds for m. Using the induction hypothesis, it
follows from equations (4.4) and (4.5) that

D'0D{Maw G p.c.   if i > 1,

D0D{Mav G p.c.   if/>l.

Therefore, it remains to show that D0nMav and DmMaw are p.c. We will

work on the v terms: the w terms are treated similarly.

By applying D™~x to (4.6) and using the induction hypothesis, we obtain an
equation

(4.10) <2+(A» + (P-c)(D^v) = p.c.

Therefore, by a similar argument to that given in the case m = 1, Dffv is p.c.
on (^\Zo. A similar proof for Q- shows that Dmw is p.c. on ^f \Zj . This
completes the proof of (4.2) for a = 0.

In order to consider the case |a| = 1, we differentiate (4.10) with respect to
Mi noting that the p.c. terms remain p.c. Note that by the arguments as above
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piecewise regularity of cp with respect to A and A/,- is inductively improved.
Then we have

Q+(MtD^v) + (Ho)(MiD%v) = Hx.

MjDffv satisfies an initial value problem of the form (4.11). Therefore, by

Lemma 4.2, we can conclude that DqMjV is p.c. on <f \Zo. Similarly, DmMtw

is p.c. on @\Li and we have proven (4.2) in the case |a| = 1. The general case

is proved in the same method by induction on |a|. The proof of the theorem

is completed, except for Lemma 4.2.

Lemma 4.2. Suppose that A(t, x) and F(t,x) are p.c. on cf\Lo U Zi . Then
the initial value problem for the linear equation

(4.11) Q+z(t, x) + A(t, x)z(t, x) = F(t, x)

has a unique piecewise continuous solution on cf\Lo if z(0, x) is piecewise
continuous on cfo\T. Here Q+ is a first order operator with piecewise continuous

coefficients as described after (4.6).

Proof. The argument is similar to that in Rauch and Reed [15] except that the

coefficients of Q+ are merely assumed to be piecewise continuous instead of

smooth.

I thank Professor Michael Beals for help in completing this paper. Most of
this work is my Ph.D thesis, and the rest was written while in communication

with him.
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