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CONORMAL AND PIECEWISE SMOOTH SOLUTIONS
TO QUASILINEAR WAVE EQUATIONS

SEONG JOO KANG

ABSTRACT. In this paper, we show first that if a solution u of the equation
Py(t,x,u,Du,D)u = f(t,x, u, Du), where P(t,x,u,Du, D) is a sec-
ond order strictly hyperbolic quasilinear operator, is conormal with respect to
a single characteristic hypersurface £ of P, in the past and X is smooth in
the past, then X is smooth and u is conormal with respect to X for all time.
Second, let X, and X; be characteristic hypersurfaces of P, which intersect
transversally and let I'=3gNZX, . If £, and Z; are smooth in the past and u
is conormal with repect to {Zg,Z,} in the past, then I' is smooth, and u is
conormal with respect to {Zg, X;} locally in time outside of I", even though
%o and X, are no longer necessarily smooth across I". Finally, we show that if
u(0, x) and 8u(0, x) are in an appropriate Sobolev space and are piecewise
smooth outside of I', then u is piecewise smooth locally in time outside of

IpUZ.

1. INTRODUCTION

Let u(t, x) € C(R; H: (R")) N CY(R; HSZ'(R™), s > 2 + 4, be a solution
of the quasilinear equation

(1.1) P(t,x,u,Du,Du=f(t,x,u, Du),
where

n
(1.2) Pyt,x,u,Du,D)= 82— Y ayt,x,u, Du)d;, 8
(i,/)#(0,0)
i,j=0
is strictly hyperbolic with respect to {¢ = constant}, f is a smooth function of
its arguments and (g;;) is symmetric.

In this paper, we consider the regularity of solutions which are assumed to
be conormal in the past with respect to a characteristic hypersurface, or a pair
of characteristic hypersurfaces, or initial data conormal with respect to the in-
tersection of a pair of characteristic hypersurfaces, and piecewise smoothness
of solutions which are assumed to be piecewise smooth at {t = 0} . The conor-
mal cases for nonlinear problems had been treated previously by Alinhac [1]
and [2]. He uses the theory of paradifferential operators and an extension to
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characteristic-coordinate changes. For the second order quasilinear case, he
treated HS, s > (n+ 1)/2+ 9/2, conormal regularity with respect to a single
characteristic hypersurface and H®, s > (n+1)/2+5, conormal regularity with
respect to a pair of transverse characteristic hypersurfaces. Here we use non-
smooth vector fields in the given coordinates, with the regularity of the vector
fields improved inductively, and the natural associated energy inequalities. Also
we treat C(R; HE (R"))NC'(R; Hl{.:l(R")) , § >n/2+4, conormal regularity
with respect to both a single characteristic hypersurface and a pair of trans-
verse characteristic hypersurfaces. The piecewise smooth case for semilinear
problems had been considered by Rauch and Reed [15].

In section 1, we prove first a version of the Gagliardo-Nirenberg inequalities,
which takes an important role in the proofs of various lemmas and theorems.
Then we establish energy inequalities for the equations P,u = f(Du) and Pv =
fiDv+f,,where f; and f, areinthe space C(R; Hﬁ;s(R")) . Also we consider
the first order nonlinear equation satisfied by the defining function ¢(z, x’) of
a characteristic hypersurface of P,. In order to treat this equation, we study
the regularity of compositions of the form v(z, ¢(¢, x'), x’) with v(¢, x;, x')
and ¢(¢, x’) assumed to have limited Sobolev regularity.

In section 2, we prove first that if u(¢, x) is conormal with respect to a single
characteristic hypersurface X (which is locally given by {x; = ¢(¢, x’)} ) of P,
in the past and X is smooth in the past, then X is smooth and u is conormal
with respect to X for all time. Analogous results hold locally in time, subject to
the constraints of finite propagation speed. In order to prove conormal regular-
ity, commutator arguments along with the energy inequality and the result on
the regularity of compositions are then applied. Next, we consider the conormal
regularity of u with respect to a pair of transverse characteristic hypersurfaces
of P,. Let Iy and X; be characteristic hypersurfaces of P> which intersect
transversally andlet T =3yNZX,. If £5 and X, are smooth in the past and u
is conormal with respect to {Zo,X,} in the past, then I' is smooth, and u is
conormal with respect to {Zo, X, } locally in time outside of I", even though X
and X, are no longer necessarily smooth across I'. Examples of surfaces which
are not smooth across I' in one-space dimension are presented in Messer [9].
In proving this property, we consider appropriate regions near I, and apply
commutator and induction arguments involving vector fields with nonsmooth
coefficients as in the proof of Theorem 3.2, as well as finite propagation speed.
Finally, we prove that if (0, x) and %,(0, x) are conormal with respect to
I', then Iy and X; are smooth and u is conormal with respect to {Zo, X}
locally in the future. The proof is analogous to the case of two characteristic
hypersurfaces.

In section 3, we prove the piecewise smoothness of the solution u of (1.1)
assuming piecewise smoothness initially. Then after a change of coordinates,
we may write

= Q-Di+---,
where Q, and Q_ are tangential vector fields to Xy and ZX; respectively.
Let & be an open neighborhood of the origin and let &, = & N {t = 0}.
Let Xy, X, and T be as above. With a slightly changed time coordinate, we
may assume, by strict hyperbolicity of P, and the hypothesis of Theorem 3.8
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since I" is smooth, that I' divides &, into two connected components and
2o UZX; divides & in four connected components. Suppose that #(0, x) €
HE (R") and (0, x) € Hy 1(R") and both are piecewise smooth outside of
I'. Then u is piecewise smooth locally in time. The proof involves Theorem
3.8 and repeated induction arguments together with a modification of the result
of Rauch-Reed in the semilinear case: Suppose that A(z, x) and F(t, x) are
piecewise continuous outside of £yUX,; . Then the initial value problem for the
linear system
Q.z+Az=F

has a unique piecewise continuous solution on X, if z(0, x) is piecewise con-
tinuous outside of I".
2. PRELIMINARIES

2.1. The energy inequality. In this section we will prove appropriate en-
ergy inequalities for equation (1.1). We note that strictly hyperbolicity of
Py(t, x, u, Du, D) implies the following inequality :

(2'1) Iélz < C(ég + Z aij(ta X, U, Du)élé]),
i,j=1

where C is a positive constant and ¢ = (&, &, --- , &) € R*! | Throughout
this thesis, we use

n n
Z instead of Z for notational convenienee.
(7, ))#(0,0) (i,7)#(0,0)
i,j=0

Before we prove the energy inequalities we need the following lemmas. For
the proof of Schauder’s lemma,see Rauch [13], and for the Gagliardo-Nirenberg
inequalities, see Nirenberg [11].

Lemma 2.1 (Schauder’s lemma). If u,v € H*(R") and s > %, then uv €
H*R") and |luv|g: < Cllullg:|lvia: .

Lemma 2.2 (Gagliardo-Nirenberg inequalities). Let u € L9 (R") and its
derivative of order m, D™u, belong to L'(R"), 1 <q,r < oo. For the deriva-
tives D'u, 0 < j < m, the following inequalities hold:

(2.2) ID7ull, < constant|| D™ ul|?|lull;~¢,

where 1/p = j/n+a(l/r—m/n)+ (1 —a)l/q, for all a in the interval j/m <
a < 1 (the constants depending onlyon n, m, j, q, r and a) with the following
exceptional cases:
(1) If j=0, rm<n, g = oo then we make the additional assumption that
either u tends to 0 at infinity or u € Li(R") for some finite § > 0.
(2) If 1 <r<oo, and m—j—n/r is a nonnegative integer then (2.2) holds
only for a satisfying j/m<a<1.

Throughout this paper we treat the case in which the regularity indices s and
s’ are integers; analogous results hold in the general case.
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Lemma 2.3. Let 0 < s’ <s and suppose that w € L>°(R*) N H*(R"). Then for
la| = s', it follows that D*w € L**(R") and

ID°wl| 2 < C(llwlzes) ' ([wll)? ,

where p = s/s’ and C is a constant depending only on s, s’ and n.

Proof. Let D' stands for any derivative of order s'. For s’ = s, we have
p =1 and since w € H*(R"), |D’w||;2» < C||lw]lgs . For 0 < s’ < s, by Lemma
22for g=o0c0,r=2and m=s,

1D w2 < CD*w|4; |w] ][22,
where C is a constant depending only on s, s’ and #, also a is such that
1 s 1 s .8
2. —_ = ~_2 2 < )
(2.3) T n+a(2 n) w1ths_a<l
From (2.3), we have for a=s'/s=1/p ,

' =1 1
ID* w2 < Clwliz=)' "7 (Jwllae)?.

Corollary 2.4. Suppose that w € L3 (R*) N H; (R*) for s >0. If f€ C*(R),
then f(w) € H; (R").
Proof. If |B| = s, then by the chain rule and the Leibniz formula, D?(f(w))

may be written as a sum of terms of the form gg(w)(D*1w)---(D*=w) with
gp smooth and o) + -+ an = B. Since gg(w) € LR (R") and D*%w €
L (R"), where r = ﬁ , by Lemma 2.3, Holder’s inequality implies that the
use of the chain rule was justified, and since (o] + - - + |am|)/2s = 1/2,
gp(w)(D*1w)--- (D*=w) € L (R").

Now we state and prove the energy inequalities for equation (1.1).

Theorem 2.5 (Energy Inequality). Let P5(t, x, u, Du, D) be a partial differen-
tial operator of order 2 on R™!, asin (1.2), strictly hyperbolic with respect to
the planes t = constant and let u(t, x) € C(R; H{ _(R")) N C!(R; Hl{.:‘(R”)) ,
s > 2 42, satisfy the equation

(2.4) Py(t,x,u,Du, D)u(t, x)= f(t, x, u, Du),

where f is a smooth function of its arguments. If u(0, x) € H{ (R") and

u,(0, x) € HZ'(R™), then, for all t, u(t, x) € Hy (R"). Moreover, if u has
compact support in x for each time t, then we have

(2.5) lu(t, X)|gsmny < C,(llu(O, X)|| srry + |4 (0, x)”H"“(R"))

for all t, where C, = C(t) is independent of u and f .

Proof. By finite propagation speed and an analysis local in time, it may be
assumed that u has compact support in x for each ¢. Let |o| = s—1. We
apply D* = 6,?. ! 8,? " to equation (2.4) obtaining an equation, by the Leibniz
formula,

(2.6) P(D*u)=Df+Y > Cp(D*Pa;)(DPusx)=2¢g,

B<ai.j#0.0
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where Cjp are constants depending only on multiindices f. The use of the
Leibniz formula is justified below, using Lemma 2.3. Let w(¢, x) = D*u(t, x).
Then (2.6) can be written as

n

2.7) Pwswy— Y, a,(Dujwcs =g.
(i,)#(0,0)
Let E(t) be the energy for equation (2.7) defined by

n

(2.8) E%X(t) = /(wz(t, x)+wi(t, x)+ Y a,(Du)ws (¢, x)wy (2, x)) dx.
i,j=1
By differentiating (2.8) with respect to ¢ and integrating by parts, we have
2E(t )dE(t)

/<2ww,+2w,w,,+ Z ( 37 )wx Wy, +2 Z jjWx (Wx ) dx

i,j=1 i,j=1

/ (wa, + 2w,wy, — 2 E a;jWWs,x, =2 Z (6(;,,) Wy w,) dx
13

i,j=1 i,j=1

+ Z /( a”)wxwxdx

i,j=1

_z/w, (w-{—w,, Z a,,wxx)dx+4/2a0,w,x wdx

(i,J)#(0,0)

-2 Z /(aa”)wx wdx + Z /(6a")wxwx dx.

i,j=1
We note that

n n aa . n
4/z;aoj'w,xjw,dx = —4/2; (a;j’) wwdx — 4/Zlaojw,xjw,dx,
j= j= j=

so that

n n
0 .
4/Zaojw,xjw,dx = —2/2(3%)w,w,dx.
J=1 =t =

It follows from (2.7) that

E(t)dE(t) /w,(w + g)dx - Z ] (8a,,) wx wydx

(2.9) P
2/2( )wxwxdx /Z( ao’)w,w,dx.
i,j=1 J
By letting & = Vw = (w,, Wy , -+, Wx,) in (2.1), we have

n
wi+wl +-+wd <C (w,z + Y aij(Du)wxiwxj)
i, j=1
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and so, by (2.8),

/(w,2 + i aij(Du)wxlwxj)dx < CEX(1).

i,j=1
Now we estimate the third term in (2.9). Hoélder’s and Schwarz’s inequalities
imply that

Z /(8au Du ) xwx X< Z /I(aau Du ) xwxl_ dx
i,j=1 i,j=1
3> ( 00 1, )
(2.10) i =1

% (Jurer) (Joser)

i,j=1
C(nEX(1),

since D?u(t, x) € H~2(R") c L*(R"), for all ¢, and s —2 > %. Similarly,
for the second and fourth terms, we have
L (R") /

(2.11)
t)g (/wiﬁx)z (/w,zdx)’z

Z /(aau (Du) )wx widx < Z (
< C(HEX),

da;j(Du

(Du)

9%, Wy, Wy ’ dx)

i,j=1

and

(2.12) Z/ (8%(1)“)) wiwdx < E (‘

< C(t)Ez(t).
For the first term, Schwarz’s inequality yields that

/w,(w +g)dx = /w,w dx + /(w,g)dx

< COE0) + [ lwigldx.

0ay;(Du)
ox;j

/ w,zdx)
Loo(Rn)

(2.13)

It remains to estimate [ |w,g|dx.

We will show that for 1 </ < s—1, (D'a;;(Du))(D**'~'u) € L*(R").
By the chain rule and the Leibniz formula, D'a; j(Du) may be written as a
sum of terms of the form b,(Du)(D* (Du))---(D*~(Du)) with b, smooth
and |ay|+ -+ |am| =1, where |og|>1 for k=1,--- , m. Let D*u(t, x) =
v(t, x). Then v € L®(R") N H~%(R") since s — 2 > n/2, and D'a;j(Du)
is written as a sum of terms of the form b,(Du)(D%1v)---(Df=v) with |B;| +

<+ |Bm] <1 -1, where || >0 for k =1,---,m. As we see in the
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proof of Corollary 2.4, b,(Du) € L*(R*) and D%wv € LP(R"), where p =
3?;—‘]9 , by Lemma 2.3. Thus Holder’s inequality implies that the use of the

k
chain rule was justified, and since (|B;|+---+|Bm|)/2(s —2) < (I-1)/2(s-2),
b,(Du)(DFiv)---(DPmv) € LI(R"), where ¢ = =2 Since D*'-'u =
Ds='-ly, Ds+i=ly e L'(R"), where r = 2574 by Lemma 2.3. Therefore,
by Holder’s inequality and Lemma 2.3, (D'a;;(Du))(D*+'~'u) € L?*(R") and
|(D'aij(Dw)) (D°+' ") 12 < [[D'as;(Dw)|, |0 ~"u]l ,p < COI|VLo 1]l 35—
since 1/p+1/q=1/2,where p=2(s—2)/(/-1) and ¢ =2(s-2)/(s-1-1).
As we have seen in the proof of Corollary 2.4, D*(f(Du)) may be written as
a sum of terms of the form f,(Du) (D% (Du))---(D*=(Du)) with f, smooth,
a+ -+ +am =a and f,(Du) (D* (Du))---(D*~(Du)) € L>(R") . Moreover,
by Lemma 2.3, ||D(f(Du))|lr> < C(O)|1Dullgs-1 < C(@)||ullgs -

By Schwarz’s inequality, Minkowski’s inequality and the facts above,

/ (wg)dx = / wy (D“f +3 2": Cp(D“‘”au)(D”ux,,x,)) dx

B<e i, j)#0,0
1

<(Jure) (Jirre)

+( / w,zdx)% [Z 3 c,,('/ (D“‘ﬂai,-)z(Dﬂuxixj)de)%]

B<a i, j)#0,0)
S COE®) (1D fllzz + lvllzee vl gs-2)
< COE()(l1ull )
- < C(HEX),

and so
(2.14) / wi(w + g)dx < C()EX().

From (2.10),(2.11),(2.12),(2.14) and by dividing (2.9) by E(z), we have
2.15) 220 < cwEw.

By applying Gronwall’s inequality to (2.15),
t
(2.16) E(t) < C(1)E(0),  where dC(f) = exp ( / ) dl) .
0

Thus, for given ¢,
(e, X)llms < C(0) ((0, X)|as + [|4:(0, X)||pre-1) -
From the theorem above, we have the following corollary which will be used
in the proofs of Theorem 3.2 and Theorem 3.8.
Corollary 2.6. Let Py(t, x, u, Du, D) be the same as above and assume that

u(t, x) € C(R; H (R"))NC'(R; H'(R™) , s> 2 +4. Let v(t, x) satisfy
the equation

(2.17) Py(t, x, u, Du, Dy(t, x) = fi(t, x)Du(t, x) + fo(¢, x),
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where fi(t, x), fo(t, x) € C(R;HI{.ZS(R")). If v(0,x) € HI{;"(R") and
v,(0, x) € HS>(R"), then v(t, x) € HS-*(R*) for all t. Moreover, if v has
compact support in x for each time t, then we have

(2.18)  lv(e, X)llgs-+ < Cr() (10, X)|grs-s + 10:(0, X)||prs-5) + Ca(2)

for all t, where C\(t), Cy(t) are indepedent of u and v .

Proof. By finite propagation speed and analysis local in time, it may assumed
that v has compact support in x for each ¢. As we see in the proof of the
energy inequality 2.5, we have

Py(D%v) = D*(i(t, x)(Dv)) + D*(fa(t, x))

n
(2.19) +> > Cp(DPay(Du))(DPuxx )
B<a (i, ))#(0,0)
=g,
where |a|=s5-5 . Let w(t, x) = D*v(¢, x) . Then (2.19) becomes
n
(2.20) Pw = w,; — Z a,-j(Du)wx‘,xj =g.
(i, 7)#(0,0)

Let E(t) be the energy fqr equation (2.20) defined as in (2.8). We will estab-
lish an a priori estimate on E(¢) . As we see in the proof of energy inequality 2.5,
all estimates except [ |w,g|dx are valid, since s > 2+4. So it remains to esti-
mate [|w,g|dx . First we show that, for 1 </ <s-5, (D'a;j(Du))(D**'~'v) €
L?(R*). From the proof of energy inequality 2.5, D'a;;(Du) € L?(R"), where
p = (s—2)/(~-1) and ||D'a;j(Du)llp» < C(t)||lullgs < C(¢). Since v €
LORMNHS4R"), s > 2+4, D3-'v € L4(R"), where g = (s—4)/(s—3-1)
and || D73 'v|p < C(I)IIUII;,_,_%, < C(t)E(t), by Lemma 2.3. Therefore,

(D'a;;(Du))(Ds+'~'v) € L*(R"), since
(I-1/2(s=2)+(s=3-1)/2(s—4)<1/2,
and
(D' ai;(Du))(D*~3~ )| 2 < ||D'aij(Du)|| 12 | D* =3~ 0| 126
< C(HE(Q).

Next we estimate D*( fi(¢, x)(Dv)). By the Leibniz formula, D*(f,(¢, x)(Dv))
may be written as a sum of terms of the form (D* f;)(D*(Dv)) with a;+a; =
a. By Schwarz’s inequality and Minkowski’s inequality, D*(fi(t, x)(Dv)) €

L2(R") and ||D*(fi(t, x)(Dv))llz2 < Il fillgs-sE(2).
Therefore, by the facts above,

/ (wig)dx = / w [D*(fi(t, x)(Dv)) + D(fa(t, x))]

+/w' [Z i Cﬁ(Da—ﬂaij(Du))(Dﬂvxix!) dx

B<a (i, )#0,0)
< COE®) (Il E@ + | follge-s + E(D)
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and so

(221) L2 < ) (1ir-sE O + 1 fll o)

Therefore, by applying Gronwall’s inequality to (2.21),
E(t)< e (E(0)+ /0 t C(T)IIfz(T)IIm—se"‘(’)dt) ,
where
W= [ CONi@Inosde  and fi(=fe. 0,  i=1,2

Let Ci(t) = e"® and Cy(t) = e*® [ C(7)]| f3(7)|| gs-se*"d7. Then we have
E(t) < GI(DE(0) + Co(1),

which implies that E(¢) is finite for all time ¢, since by assumption it is finite
at t = 0. Therefore,

(@, X)lgs-s < CL(2) (10(0, X)||pro=s + [[V2(0, X)|grs-5) + Ca(2).

2.2. First order nonlinear equations. Suppose that a characteristic hypersur-
face for P, is given by {x; = ¢(¢, x')}, where x’ = (x2,--- , x») € R*"L.
Then ¢ satisfies the first order nonlinear equation

n n n
(222)  (90)* +2(a01 = ) G0j9x )0s = a1 =2 @1j0x + D Gijx P .
Jj=2 j=2 i,j=2

The coefficients in (2.22) are evaluated at x; = ¢(¢, x'), and thus the regularity
of functions of the form a(Du(t, ¢(¢, x’), x’')) needs to be examined.

We begin by studying the regularity of compositions of the form v(¢(x’), x’)
with v and ¢ assumed to have limited Sobolev regularity. Even if ¢(x') is
smooth, functions of the form v(¢(x’), x’) will in general have Sobolev regular-
ity of order 1/2 lower than that of v(x;, x’). When ¢(x’) is nonsmooth, the
regularity of v(¢(x’), x’) will not in general be greater than that of ¢(x’). In
order to obtain norm estimates on the regularity of v(¢(x’), x’) that are linear
in the norm of ¢(x’), we will assume that the Sobolev regularity of v(x;, x’)
is at least one order greater than that of ¢(x').

Lemma 2.7. Let v(x,, x') € Ht'(R") for s > % + 1. Suppose that p(x') €
HE (R™Y), 1<s' <s, and that Do(x') € L*(R""'). Then

v(p(x'), x') € Hg (R™™).
If v and ¢ have compact support, then ||v(p(x'), X')|gs < Cll@llys with
C depending only on s, s', n, the size of the supports, ||v(x;, X')||gs=s1 and
lellze -
Proof. We may assume without loss of generality that v and ¢ have compact

support. Let w represent the vector consisting of all derivatives of dy,v (i.e.,
w = (O, (Ox,v), - » Ox,(0x, v))) . Then w € H*"Y(R")NL>(R") since s—1>

2, and therefore D*w € L'(R"), where r = Aﬁ—ll, for 0 <lao] <s-1 by
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Lemma 2.3. Thus D'gaxlv € L"(R"), where r' = 2|§9S_|_-11‘)' ,for 1 <|B|<s,and
since

o(x")
(2.23) (D%0) (o). x) = [ DR i, X0,

—o0

it follows from Minkowski’s inequality that (D#v)(p(x'), x') € L'(R""1),

where r = -2,%,}111 , with norm depending only on the size of the supports,

lv(xr, X'l gs+r and [[@]|z .

Next, notice that D¢ € HS~!(R"=!)n L>°(R""!), and therefore Df¢p ¢ L"
(R*~1), where r' = Zl%/l%}l ,for 1 < |B| <, by Lemma 2.3. The chain rule
and the Leibniz formula imply that, for 1 <|y| <s’, D? (v(p(x'), x')) may be
written as a sum of terms of the form

(DRD™) (p(x'), x') (Dig(x")) -+ (DPno(x"))

where D™ stands for a derivative of order m with respect to x; with 0 <
m<s and Bo+B1+ - +Bm=7, 1 <|B| <s for k=0,1,--- ,m. If
m=0,then y = By, and so (D%ov)(p(x’), x') € LI(R* 1) c L2(R""!), where
q = %zl'—_l% , with ||(DPov)(p(x’, x'))|lz2 < C, where C depends only on the
size of supports, s, ', n, ||[v(x;, X')||gs+: and ||@|lL= . Therefore, we may
assume that m > 1. The preceding estimates and Hoélder’s inequality imply
that the use of the chain rule was justified, and

(D5oD™) (9(x), ) (DP9 (x)) -+ (DPnp(x')) € L*R")

since
Iﬂo|+(m—1)+(Iﬂ1|—1)+'-'+(lﬂml—1)< -1 _1

2(s— 1) 2(s — 1) S -1 -2

Therefore D?(v(p(x'), x')) € L>(R*"1) for 1 < |y| <s'. Moreover, by Lemma
2.3, ||D”(v(e(x'), x))||z is bounded up to an appropriate constant by

1B,1-1 1B, | —1

(ID@llge-) *7" - (ID@llgger-1) * 7" -

Since (|B1]- 1)+ -+ (Bml=-1)<|y|—-m < s —m < s’ -1, the required
estimate holds.

For solutions of hyperbolic equations, it is natural to consider functions
which are continuous in time, with values in appropriate Sobolev spaces in
the remaining variables.

Corollary 2.8. Let'v(t, x1,x') € C(R; HHY(R™)) for s > % + 1. Suppose
p(t, x) € C(R; HS (R*™Y), 1 <s' <s,andthat Do(t, x') € C(R; L2 (R™™)).
Then v(t, 9(t, x'), x') € C(R; HS (R*1)).

Proof. The proof of Lemma 2.7 easily yields that

2(s—1

DPo, v(t, x;, x') e CR; L” ™ (RY)  for1 <|B|<s.
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Let p=2(s—1)/(|B| —1). Then, from (2.23) with ¢ as a parameter,
(Dﬂv) (t, o(t,x"), x') - (Dﬁv) (t, o(to, x'), x)

¢(t’x/) ¢(10 ,X/)
= / Do, v(t, xi, X')dx —/ DPo, v(t, x1, x")dx,

) -0
o(t,x")
= / Dﬂaxlv(t, x1, x)dx.
o(ty,x')

It follows that
B ! no_ B ’ nli
[(0%0) 069,50 (024) 000 0. 0.
< Clio(t, xl) - 9(b, X')“Loo(n) -0 ast—1y,

and similarly

|(D#v) ¢, 00, %), %) = (DP0) (10, 010, %), x|, o,
< Cllv(t, x1, x") = v(to, X1, X')|| prs+1mny = O as t — t.
Therefore
(Do) (1, o1, %), ¥) € CR; LPR™Y) for 1 < B <.

We note that Dg € C(R; H*~'(R*!)) n C(R; L®(R""!)) and therefore

20s’ =1
DPpeCR, L™ (R™Y) forl<|Bl<s,

by Lemma 2.3. The rest of the proof of Lemma 2.7 then easily yields continuity
of the norm estimates in the parameter ¢.

In the proof of conormal regularity of a solution of the equation Pu =
f(Du), where f is smooth of its arguments, we will encounter situations in
which regularity of ¢ with respect to v is greater than the case considered
above.

Lemma 2.9. Let v(x;, x') € H'(R") for s > 2. Suppose that ¢(x') €
HEYY (R™') and that Dp(x') € L2(R""!). Then v(p(x'), x') € H, (R"™").
If v and ¢ have compact support, then ||v(¢(x'), x')||lgs < Cll@|lgs with C
depending only on s, n, the size of the supports, ||v(x1, X')||gs+1 and ||@||r .

Proof. We may assume without loss of generality that v and ¢ have compact
support. Since s > 3, Ox v € H°(R") N L>(R"). Therefore, by Lemma 2.3,
Dﬂaxl'v € Lﬁr(R") for 1 < |B] < s. It follows from Minkowski’s inequality

and (2.23) that (DAv) (p(x'), x') € le’-"T (R*-1), with norm depending only on
s, n, the size of the supports, ||v(x;, X')||z+ and |||z .

We notice that Dy € H*(R"~!)n L*(R""!); therefore Dfp € L#T(R”")
for 1 <|B| <s, by Lemma 2.3. The chain rule and the Leibniz formula imply
that, for 1 < |y| <s, D?(v(p(x’), x')) may be written as a sum of terms of

the form
(D%oD™) (p(x'), x') (D p(x")) -+ (DP=o(x")) ,
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where D™ stands for a derivative of order m with respect to x; with 0 <
m<sand Bo+ B+ +PBm=7, 1 <|B|<s fork=0,1,--- , m.If m=

0, then y = By, and so (Dﬂov) (p(x"), x') € LT'%"L[(R"“) c L*(R*1!) with
l(DPov)(@(x’, x"))|lz2 < C, where C depends only on the size of supports, s,
n, ||lv(xy, x)||gs+ and ||@|jL~ . Therefore, we may assume that m > 1. The

preceding estimates and Holder’s inequality imply that the use of the chain rule
was justified, and

(p5Dm0) (9(x), x') (DPr9(x") - (DPmp(x) € L2R")

since

ol +m (Bl =D+ -+ (Bml =) 7| 1
2s 2s - 25~
Therefore D?(v(p(x'), x')) € L2 (R"*™!) for 1 < |y| <s. Moreover, by Lemma
2.3, ||ID’(v(e(x"), x'))||2 is bounded up to an appropriate constant by
it 1y1-1

(IDoilgs) * ---(I1Doll#)
Since (|B1]—1)+---+ (|Bm| — 1) <s—1, the required estimate holds.

|

According to Lemma 2.9, we have the following corollary similar to Corollary
2.8.

Corollary 2.10. Let v(t, x;, x') € C(R; H]‘(:‘(R”)) for s > 5. Suppose that
o(t, x) € C(R; Hli;c“‘(R"“)), and that Dg(t, x') € C(R; L2 (R™)). Then
v(t, o(t, x'), x') € C(R; Hy (R*™1)).

The defining function for the characteristic hypersurface x; = ¢(t, x’)
associated with the quasilinear equation (1.1) satisfies (2.22). Thus ¢, may
be expressed locally as a smooth function of ¢, x', u(z, (¢, x'), x'),
Du(t, ¢(t, x'), x') and Dg(t, x') , where D¢ isthe x’ gradient of ¢ . Such
a function will be denoted by f(v(¢, o(t, x'), x'), Do(t, x')), with v repre-
senting the vector (¢, x’, u, Du) . From now on, we use D as total derivative
and D as x' derivative.

Theorem 2.11. Let v(t, x, x') € C(R; HSI'Y(R™)) for s > % + 1, and assume
that D*p(t, x') € LS (RxR"). Let f be a smooth function of its arguments,
and suppose that ¢,(t, x') = f(v(t, o(t, x'), x'), Do(t, x")). If ¢(0,x') €
H; (R*1) , then (1, x') € C(R; Hy (R*71)) .

Proof. It can be assumed that the functions in question all have compact support
in x’. Let ¢® denote the vector of all x’ derivatives of ¢ up to order s.
Under the assumption that ¢ is smooth, we will establish an a priori estimate

on the energy E(f) = ([ |9)(¢, x')|2dx')% . Standard arguments then allow the
smoothness assumption to be dropped.

The chain rule and the Leibniz formula imply that there are smooth functions
f, F and f, for |ag|+ -+ |ag| + |axs1| + -+ |am| <5, k> 1 , which are
then evaluated at (v(¢, ¢(¢, x'), x'), Do(t, x')) , such that

8i9®) = FDoO)(t, x') + f+ Y fuD™ (v(z, 9, X))

D% (v(t, 9, x')) D% (Dy) - D (Dp).
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The energy satisfies E(1)3,E(t) = [ 9¥(¢, x')0,9")(¢, x')dx’, and by integra-
tion by parts,

/¢(3)F(v , Do) (D(p(‘)) dx' = %/F(v , Dg)D (((o(’))z) dx'
1 . - 2
=3 / DF (v, Dp) (9°)  dx"

We note, by the chain rule, that DF (v, Do) = 3", F;(Dv) + G,(D?¢p) , where
F, and G, are smooth functions of their arguments v, D¢ . Since v(t, x1, X')
€ C(R; H**!(R")) and s > % + 1, the Sobolev imbedding theorem and
Corollary 2.8 imply that v(z,¢,x') € LX(R x R"),D(v(t,9,x')) €
L2 (R x R*), and since D%p(t,x') € LX(R x R*!), D(F(v(t, ¢, x'),
Do(t,x))) € LR x R™Y), f(u(t, ¢, '), Dp(t, x')) € LER x R*)
and f, (v(t, ¢, x'), Do(t, x')) € L2(R x R*1) .

By Lemma 2.7 and Corollary 2.8, v(¢, ¢(t, x'), x') € C(R; H5(R*"1)) with
llv(t, (t, x"), x")|lgs < C(¢)E(t) . Therefore

D (v(t, o(t, x'), x")) € CR; HYR") N L2 (R x R*Y)
with similar bounds on the H*~!(R"*~!) norm. Hence from Lemma 2.3,

B (v(e, 91, x'), X)) € LV (R'), - where p; = y
=

and
o ' ' = 1_3'7 ~ BL- L
(2.24) ||D% (v(z, o(2, '), X)) ||, < CliDV]| e’ 1DVl - < C(2) (E(1)
for 1 <|aj|<s, j=1, .-, k. Similarly,
(D) e CR; H* 'R )N LZ (R xR,
with ||D@||gs—1 < E(t) and ||D@||L~ < C(¢) . Thus, again from Lemma 2.3,

D (Do(t, x')) € L*(R*™""), where g¢;= ST;-Il ,
J
and
- -1 = 1
(2.25) I1D% (D)l 20, < ClID@|l L’ I1D@l goos < C(2) (E(2))%

for 0<|a;|<s-1, j=k+1,---, m. Therefore, by Holder’s inequality,
Dal ('U(t, (0([ ’ x,) s X,)) o 'Dak ('U(t ) ¢(t’ X’) s x’)) Dak“ (D¢) o 'Eam (D(I))
€ C(R; L*R"1)),

since ((Jea|—1)+--+(Jox| = 1) +|egs |+ +laml)/2(s = 1) < (s—k)/2(s—1) <
1/2. From (2.24) and (2.25),

|(B10) - (D) Boses (Dg) - D= (Do) .
(2.26) -
< C(t)(E()” < C(E(®).
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By Minkowski’s inequality, Schwarz’s inequality and (2.26),

EMOEW) < CIDF | | (v) dx’
e ( / (¢<f>)2dx')% [Ilflle TR D)

- (D%u(t, @, x") D% (Dp)- - Do (Dg)|| 2

< CE() (IDF|l=E(t) + I fllz= + I fallL= C(NE())

and so |0,E(t)| < C(t)E(t) + C(t) . Therefore, by Gronwall’s inequality, E(¢)
is finite for all time since by assumption it is finite at ¢t =0.

We will also encounter first order equations like those in Theorem 2.11 which
are linear, but with coefficients of finite regularity.

Corollary 2.12. Let y(t, x') satisfy the equation
(2.27) v =F(t, x")Dy + B(t, x')y + F(t, x'),

where
Fi(t,x") € CR; H'(R™Y)
and

F(t, x'), F(t, x') e CR; HSAR™Y), s> g +2.

If w(0, x') € HyX(R™1), then y(t, x') € C(R; Hy2(R™™Y)).

Proof. It can be assumed that the functions in question all have support in x’.
Let w©~2 denote the vector of all x’ derivatives of y up to order s —2. As
we see in the proof of Theorem 2.11, we will establish a priori estimates on the

energy E(t) = ([ w2z, x')]zdx’)% .
The chain rule and the Leibniz formula imply that for |a;|+]az| <s—1,1<
a2l < s—2 and |By| + (2| <5 -2,

By = Fi(t, x")Dyt=2(1, x') + D (D Fi(t, x")) (D2 (2, X))
+5 (Dﬂn B, x')) (Dﬂzy/(z, x')) + DR, X).
B

The energy satisfies E(2)8,E(t) = [y =(t, x")d,y~(t, x')dx’, and by
integration by parts,

/,,,u-z)pl(,, x') ([),/,(s-Z)) dx' = -%/DF,(t, x") (y/(s"”)zdx'.

Since s > 5 + 2, the Sobolev imbedding theorem implies that DF\(¢, x') €
LE(Rx R,

Since DF(t, x') € C(R; H*-2(R*1))n L2 (R x R"~!), by Lemma 2.3,
s—2

D% Fi(t, x') € LP(R™),  where py = =y
N
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and

(2.28) |D%Fi(e, )|, < CIDRILZ IDFiI. < C(o).
for 1 <|ey| <s-1. Similarly,
v € CR; B 2R™)) N LZRxR™),
with ||y||gs-2 < E(t) and ||y||z~ < C(t) . Thus, again from Lemma 2.3,
Day(t, x') e L*»(R*), where p,= Sl_a__lz ,
2
and

~ L
(2.29) D% (¥)|l 20, < C II%lflle"2 IIWIIH,- S C)(E@) ,
for 1 <|ay| <s -2 . Therefore, by Holder’s inequality,
(D Fi(t, x')) (D y) € CR; LAR™)),

since ((la1|—1)+|a2])/2(s=2) < 1/2. For |e1| =0, {|Fi(t, x)Dy(t, x')||2 <
C||F1llr~ E(t) . Therefore, from (2.28) and (2.29),

(2.30) ||(D* Fi(z, x")) (D2 w(t, x))|| . < COE().
Since F(t, x') € C(R; H"2(R* 1)) N L2 (R x R*~ 1), from Lemma 2.3,
DA(Fy(t, x')) € L* (R*'), where ¢, = SITT%
1
and
(231) |62 (Extt, )|, < CURN UE NG < €O,
for 0 <|B1| <s—2 . Also, again from Lemma 2.3,
DAy, x') € L%(R), where qn= 2,
2
and
L
(2.32) 1Dy 20, < C||y/|]L°°"2 ”W"Hs 2 S C()(E(D)2 ,
for 0 <|B,| < s - 2. Therefore, by Holder’s inequality,
DA (Ry(t, x')) DRy € C(R; LA(R™Y)),
since (|B1] + |B2])/2(s —2) < 1/2 . From (2.31) and (2.32),
(2.33) “Dﬁu (Fa(t, x)) D2y (1, x’)||L2 < C()E(1).

Therefore, by Minkowski’s inequality, Schwarz’s inequality, (2.31) and
(2.33),

E@0EW) < CIDFilw [ (909) dx'+.C ([ (o-2) dx')%

+ [Z (D™ F)(D2y)ll 2 + Y (DA Fy) (DR w2 + Ilﬁs"‘Fslle}
a B

< CE() (IDF||.=E(2) + C(OE(t) + C(1)) ,
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and so |6,E(t)| < C(t)E(t) + C(t) . Therefore, by Gronwall’s inequality, E(¢)
is finite for all time since by assumption it is finite at 1 =0.

3. CONORMAL SOLUTIONS FOR QUASILINEAR WAVE EQUATIONS

In this section, we will consider the conormal regularity of solutions of equa-
tion (1.1) with respect to a single characteristic hypersurface and a pair of char-
acteristic hypersurfaces which intersect transversally.

3.1. Conormal regularity with respect to a single characteristic hypersurface.

Definition 3.1. Let £ be a C? characteristic hypersurface for P, given in
(1.1). w(t, x) € C(R; HE (R")) N C'(R; H;.:‘(R”)) is said to be conormal
with respect to X if M,---M;w € C(R; HE (R")) n CY(R; H;'(R*)) for all
C(R; HE (R")N C'(R; Hlf.;‘(R")) vector fields M, , --- , M; which are tan-
gent to X. It will be denoted by w € N*>*°(X). If this property holds for all
Jj < k ,then u is said to be conormal of degree k with respect to X, denoted
by w € N©-¥(Z).

Since surfaces {¢ = constant} are space-like, it follows that we can assume
without loss of generality that a characteristic hypersurface £ for P, is given
locally by {x; = ¢(¢, x’)} with nonvanishing gradient of the function ¢(z, x’),
and we suppose that u € C(R; HS (R"))NC'(R; Hlf.zl(R”)) , §>5+4. Then
¢ satisfies (2.22), where coefficients are evaluated at x; = ¢(¢z, x’) and ¢ €
CR; Hl{;z(R"“)) NC'(R; HiZ3(R™1)) c C3(R x R*!), by Theorem 2.11.

Consider a change of variables:

(3.1) Yo=1, i=x-0(,x), YVa=X2, -, VYn = Xn,
with inverse transform:
t=yo, x1=y1+9%,¥), Xp=Yy2, -, Xn =Yn,

where ¥’ = (y2, --- , yu) € R*"!. Under the change of variables (3.1), X be-
comes locally S = y; = 0 in the y-coordinates. We notice that aiyo , V1 a% , 5% ,

-, 3% generate the tangential vector fields to S. Therefore, by the chain rule,
the C(R; Hi_?R")) N C!(R; Hi*(R")) vector fields tangent to I are spanned
by

Mo = (x; - 9(t, X)) 85, , My = 8+ 9(t, X')0x,,

(3.2) M;=0x +9x (t, x)0x, 2<j<n

The idea of the proof of conormal regularity is to use commutator arguments
and (1.1) to inductively establish regularity for » with respect to differentiation
by the vector fields given by (3.2) , for coefficients of a given regularity. The
improved regularity of u, coupled with (2.22), then yields improved regularity
of ¢, and hence of the coefficients of the vector fields, allowing the inductive
argument to be continued.
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We note the following: For 2<i,j<n,
0:0s, = Ox, (8, + P:Bx, — 9:0x,) = 0x My — 9,0},
0i0x, = 8(0x, + 9x,Ox — 9x,0x ) = OMj — P1x Ox — Px,010%x, ,
Ox,0x, = Ox, (O, + 0x,0x, — 9x,0x) = 0x, M; — 95 8%,
Ox,Ox, = Ox, (Ox, + 9x Ox, — 9x,0x ) = Ox Mj — @x x Ox, — ¢x Ox,0x,.

Let
n n n
F(t, xi, x') = (90 — an + 2(a01 — ) a0))0: +2)_ @105 — ), ij9x 0x >
. j=2 j=2 i, j=2
where

ajj = a,-,-(t, x1, x', u(t, x;, X'), Du(t, X1, x’)).
Since F(¢, ¢(t, x"), x') =0 , Taylor’s theorem and (2.22) imply that

1
F(t, x,x")=(x1—9) (/0 F(t, sx1+ (1 -s)p, x')ds)

E(xl _¢)F(t$xlax,)7

where F(t, x;, x') = %(I’ X1, x') . We note that by the chain rule, F may

be considered as an integral of a smooth function of ¢, x’, u, Du, D*u, ¢
and D¢ . Therefore,

n n n
a1 = (9:)* +2(a01 — ) 80;0x)P: + 2 81j0x, — ) Gij0x, P,
j=2 j=2 i,j=2
+ (Xl - q’(t, x,))F(ts X1, x,)‘
Substituting g;; into (1.2) and using the note above,

Py(t, x,u, Du, D) =08} — (9.)*87 ~ 2a0:(8:0x, + ¢:0; )

n n
—2Y " aoj(8idx, — 0x,0:0%) = 2> a1;(0s, O, + 9z O2)

Jj=2 Jj=2
n
= D 4ij(8x,0x, — 9x,9x,02 ) — F(t, x1, X')(x1 — 9)02
i,j=2

= (01 — 9:0x )M\ — ¢1:0x — 2a01 M,

n n
—2) " a0j(8M; — x 0x, My — 91x 0x,) — 2 @105, M;
j=2 Jj=2

n
- Z aij(aijj - (/’xjax, Mj - ¢x‘.xj6x,)
i, j=2
- F(t, x, x’)(axl My - 0x).
Therefore,

(3.3) Py(t,x,u,Du, D) = Zn: a;(D)M; + b(D),
i=0
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where a;(D) is a first order operator and the coefficients of the operator are
smooth functions and integrals of smooth functions of #, Du, D*u, ¢ and
Dy, which will be written symbolically as a;(D?*u, D¢, D). Similarly, b(D)
is a first order operator and b;(D) = b(D*u, D*¢p, D).

Since [M,', Mj] = 0, [a[(D)M, Mj] = C,‘j(D)M,’ and [b(D), Mj] = dJ(D) .
for 0<i, j<n, where

cij(D) = ¢;j(D*u, D*¢, D) and d;(D)=d;(D*u, D*p, D)
are first order operators, we have the following lemma.

Lemma 3.1. Let P, be the second order quasilinear differential operator given
n (1.2). Let T be a characteristic hypersurface for P, given locally by {x, =
o(t,x")} with Dp # 0 and ¢ € C3(RxR"). Let u € C(R; H (R")) N
C!(R; HZY(R")), s > 2 +4. Then the C(R; H]{;Z(R”)) NCYR; Hl{.;:*(R”))

loc

vector ﬁelds tangent to ¥ are spanned by My, M, , --- , M, and
n

(34) [P, M=) (c;(D)M;+d;(D)), forj=0,1,--,n,
i=0

where c;;(D) = ¢;j(D3u, D*¢p, D) and d;(D) = d;(D3u, D3¢, D) are first order
operators.

Now, we state and prove the conormal regularity of a solution of equation
(1.1) with respect to a single characteristic hypersurface.

Theorem 3.2. Let P, be as above and let X be a characteristic hypersurface
for Py, defined by a function with nonvanishing gradient. Suppose that u €
C(R; H (RM)NCYR; HZ'(R™), s > 3 + 4, and u satisfies the equation

(3.5) Py(t,x,u,Du,Dyu= f(t,x,u, Du),

where f is smooth. If X is smooth in {t < 0} and u € N*->°(Zn{t < 0}),
then X is smooth for all time and u € N* > (Z).

Proof. By finite propagation speed and an analysis local in time, it may assumed
that u# has compact support in x for each ¢, and that X is given by {x; =
o(t, x")}. Then ¢ satisfies (2.22), which is a nonlinear equation of first order
with C2(R") coefficients, by Schauder’s lemma, strict hyperbolicity of P, and
T being a characteristic hypersurface of P, because Du € C(R; H*"!(R")) N
C!(R; H-%(R")) with s — 1 > 5 + 3. Therefore, ¢ € C3(R x R*!). Let
v = (u, Du), and set sy = s—2. Then, from (2.22), the hypotheses of Theorem
2.11 are satisfied for sy, and therefore

(3.6) p(t, x') € C(R; H(R™)).

Since the regularity of the coefficients of the vector fields M; is a priori
lower than that of u, it is necessary to differentiate equation (3.5) in order to
use the commutator argument on an appropriate derivative of u. Let U stand
for the vector of all derivatives of u up to fourth order. From (3.5) and the
assumption on u, U € C(R; H*~4(R"))NC!(R; H3(R")). Then, by the fact
that [P, D] = a(D?), where a(D?) = a(D*u, D?) is a second order operator,

(3.7) Py(t, x,u, Du, D)U = g(DU),
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where g is a smooth function. The right-hand side is meaningful even if s—5 <
%, because g is linear in the highest order components of DU , and the product
of a function in H*~4(R”) with a function in the H*~3(R") is in H’~3(R")
for s —4 > 4. Let M stand for the vector operator (1, Mo, --- , M,). We
note that [M;, D] = h;(D), for i =0, 1,--- , n, where h;(D) = h;(D*¢, D)
is a first order operator. From(3.7) and Lemma 3.1,
PZ(ta X, U, Du’ D)MU = [PZ, M]U+M(g(DU))
(3.8) =c(D)MU +d(D)U + (MDU)g'(DU)
=P (D)MU + G(DU),

where G(DU) = G(DU, D3p) and c¢(D) = c(D3u,D?p,D),d(D) =
d(D3u, D%¢, D) and P,(D) = P,(DU, D?*¢, D) are first order operators.

The coefficients of P, are in C(R; H*~}(R")) N C!(R; H"2(R")), while by
(3.6) and the regularity of U, G(DU) and the coefficients of P,(DU, D?¢, D)
are in the space C(R; H~3(R")). It then follows from (3.8) and Corollary 2.6
that

(3.9) MU e C(R; H*(R")) N C!(R; H*>(RM)).

In order to use the improved regularity of U, it is convenient to differentiate
(2.22) two times. It follows that there are smooth functions f; such that
(D*¢): = fi(Du(t, 9, x'), Dp)D(D*p) + fo(D*u(t, ¢, x'), D*p)

+ f3(D*u(t, ¢, x'), Do).
Since (Myv)(t, ¢, x') =8, (v(t, ¢, x')) and (Mjv)(¢, ¢, x') = 3x,~ (v(t, @, x"))
for 2 < j < n, it follows from applying M to (3.10) that there are smooth
functions F; such that
(3.11)
(D*¢). = Fi(Du(t, ¢, x'), Dp)D(D*p) + F(D*u(t, ¢, x'), D*p)(D3p)
+ F3(MD3u(ta ?, xl) 5 D2¢)'

Since DM D3u = MD*u+[D, M1D3u € C(R; H"4(R")), we have MD3u ¢

C(R; H*~3(R")). Corollary 2.12 implies that

MD%u(t, ¢, x') € C(R; H*~4(R"™")).
Therefore, by Corollary 2.12 for ¥ = D3¢, D3p € C(R; H%~?(R""!)), that
is, 9 € C(R; H*{(R*1))n CY(R; H%(R*1)).

Suppose inductively that (3.6) is improved to ¢ € C(R; H‘o*"(R"“)) and
(3.9) is improved to M**'U € C(R; H*~*(R"))n C'(R; H*~5(R")). From the
analogue of (3.11) for D**3¢p and Corollary 2.12 for y = D**+3¢p, it follows
that

(3.10)

g€ C(R, Hso+k+l(Rn-—l)) nN---N Ck+1(R; H (Rn-l)).
Then, an equation similar to (3.8) holds for M**+2U with coefficients depending
smoothly on DM*+'U and D**3¢, that is,

Py(t, x, u, Du, D)M**2U = Py, (D)M**2U + Giyo(DM*H1U , DF*39),

where Py.2)(D) = Py42) (DU, D¢, D) is first order operator. Consequently,
(3.9) may be improved to M*+2U € C(R; H~4(R"))NC(R; H*~5(R")). Since
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an equation of the form (3.11) holds for D¥**p, with MD3u replaced by
M*+2D3y

(D**49); = Firs2)(Du(t, ¢, x'), Dp)D(D*+*9p)
+ Fz(k+2)(D2u(t, ¢, x'"), D?¢)(D***9p)
+ Fyan)(M*2D3u(t, ¢, x'), D*+39),

it follows that (3.6) is then improved to ¢ € C(R; H%***2(R"=1)). The in-
duction step is complete, and the regularity of the characteristic hypersurface
Z and the conormal regularity of u are established.

3.2. Conormal regularity with respect to a pair of characteristic hypersurfaces.

Definition 3.2. Let X, and X, be C? characteristic hypersurfaces for P, given
in (1.2) intersecting transversally. w(t, x) € C(R; Hf_(R"))NC!(R; H,;‘(R"))
is said to be conormal with respect to {Zo,X%Z;} if My --- Myw €
C(R; HE (R"))NC!(R; Hlf.;‘(R”)) for all C(R; HY (R")) N C'(R; H,;:‘(R"))
vector fields M;, --- , M; simultaneously tangent to both Z;, and X, , written
w € N'->(Zy, X;). If this property holds for all j < k, then u is said to be
conormal of degree k with respect to {Zo, X}, written w € N*-¥(Zo, X,).

Suppose that X, and X; are characteristic hypersurfaces for P, given lo-
cally by {x; = ¢%¢, x)} and {x; = ¢!(¢, x')} respectively, and suppose
that £, and ZX; intersect transversally with 90 — ¢! # 0. Let T = Z,NZ;.
Suppose that u € C(R; HS _(R")) N C!(R; H,f;‘(R”)), s > 52 +4. Then @°
and ¢! satisfy (2.22) with coefficients evaluated at x; = ¢%(¢, x’) and x; =
(¢, x') respectively, and ¢°, ¢! € C(R; HS2(R™1))NCYR; HE*(R*™Y)) C
C?(R x R*"1) by Theorem 2.11.

Consider a change of variables:

(312)  yo=x1—-0%0t, X ), yi=x1—0'(t,X), y2=X2,+ , Vn = Xn.

We know that the Jacobian of (3.12) is ¢! —¢? #0. Let y(z, x') = 9%z, x') -
p'(t, x').

Under the change of variables (3.12), £y and X; become locally Sp =
{yo = 0} and S| = {y; = 0} respectively in the y-coordinates. The vec-
tor fields tangential to both Sy and S; are generated by the vector fields

yoaiy0 V1 0_37 , 8372 % . Therefore, by the chain rule, the C? vector fields

tangent to both £y, and X, are spanned by
My = ¢% (%1 - 9%, x1) (8 + 0k(t, X85, ) »
(3.13) M, = % (%1 -9t x)) (8 + 0202, x5, .
My = o (~vs,00+ (o0}, — 0102 )05, +vidy,) . 2<j<n.
Let Dy = -!};(6, +¢/0x) and D, = #(8, + ¢y ). Then
Mo =~(x;~¢°)Do, My = (x, —¢")D; and M;=~¢? Do+ ¢; Dy +0x .
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Notice that 8, = p?Do — ¢! Dy, 8; = D, — Dy and Ox, = ¢2jDo - (ox D, + M;.
We have the following expressions: For 2<i,j<n,
82 =(p 0)2D0 - 2% ¢1D0Dl + (% )2D + hOO(Dz(" » D),
0:0x = —¢; ?D§ + (¢? + 9/ )DoDy — 9} D3,
010x, = (9793 )D§ — (993 )DoD1 + (9; 9 )DF
+ 9°DoM; — ¢} D; M; + hy;(D?¢ , D),
07 = D§—2DoD; + D,
Ox, 05, = 9 D§ + (93, + 05 )DoD1 — 93 D}
+ D\M; — DoM; + hy;(D*p, D),
= (93,)°D§ - 2(93 95 )DoD: + (93 )° D
+2¢2 DoM; — 29, DiM; + M} + h;;(D*p, D),
05,0x, = (93,03 )DG — (93 91 + 03 03 )DoD1 + (0} 0} )D}
+ (93, + 03 )DoM; — (93 + 93 )Di\M; + MiM; + h;;(Dp, D).

Then
n
Py(t,x,u,Du, D)= Cng + ClDlz + co1DoDy + ZCOjDOMj
Jj=2
(3.14) ) ]
+ Z:ClleMj + E CijMMj + h(D),
Jj=2 i,j=2
where
n n n
Go=(pr) —au+2|aon Y ao; | of +2) a0k — D a0k ok
Jj=2 Jj=2 i,j=2

for k=0,1, ¢;j =c;j(D*u, Dp) and k(D) = h(D*u, D¢, D) is a first order
operator. Let, for k=0, 1,

Fi(t, xi, x') = (9f)* —an +2 (401 Zao,) 0! +22an,¢x Z aij 9% 0% -
j=2 Jj=2 i,j=2

Since Xy and X, are characteristic hypersurfaces for P, Fi(z, ¢*(¢, x'), x') =
0. Therefore, as we see in the proof of Theorem 3.2,

Fk(t: X1, xl) = (X1 - ¢k)Fk(t7 X1, x,)’
where Fj is an integral of a smooth function of t, x', u, Du, D*u, ¢ and

Do . Therefore, ¢y = co(D*u, Do)(x; — ¢°) and ¢; = ¢ (Dzu Dg)(x; — ¢!).
By the assumption of strictly hyperbolicity, co1 # 0, so after division we assume
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that ¢g; = 1. Therefore,

n
Py(t, x, u, Du, D) = DDy + ropDoMo + ri1 Dy My + > ro;DoM;
(3.15) ) . =2
+> rDiM;+ Y ryM;M;+b(D),
Jj=2 i,j=2

where r;; = r;;(D*u, D¢) and b(D) = b(D*u, D*¢, D) is a first order opera-
tor.

Before we consider commutators [P>, M;], for j =0,1,--- ,n, we will
first observe several basic commutators. Let Dy = 8, + ¢} Ox, and D, = 8, +
9?8y, . Since we have [Dy, Di] = y0x, and (Do(1/y)) Dy — (Di(1/y1)) Do =
— (Wu/(¥2)?) 8, » [Do, D1] = 0. Therefore, we have the following lemma.

Lemma 3.3. Let Dy and D, be first order operators as above. Then
Do(x; — 9% = =1, Do(x; —¢') =0, Di(x1 —¢°) =0, and Di(x;-¢")=1

By using Lemma 3.3, we can compute commutators [D;, M;] for i =0, 1
and j=0,1,--- ,n.

Lemma 3.4. Let Dy, D, and M; be as above. Then we have
[Do, Mo] = Dy, [Do, Mi]=[Dy, Mo} =0, [Dy, M]=D,

and

[Do, Mj]=[Dy, M;}=0 forj=2,---,n.
Proof. We consider only [Dy, M;] and [D,, M;]. We note that [Dy, axj] =
(D1, 8,1 = (1/w) (0% Do — 0k D1) , Do(9) = Di(92) = (1/w)p% and
Do(pl ) =Di(pl )= (1/y)p}. . Therefore, for i=0,1 and j=2,--- ,n,

[D:, M;] = [Di, —¢3 Do + 95 Dy + 0y ]=0.
This completes the proof of lemma.

For the commutators [M;, M,], for i,j=0,1, .-, n, we have the fol-
lowing lemma.

Lemma 3.5. Let My, M, --- , M, be as above. Then, for i,j =2,---,n
with i # j, we have

(Mo, M)} =My, M;]1=[M;, M;]=[M;, M;]=0.
Proof. We can easily see, from Lemma 3.3, that [My, M;] = 0. Notice that
~(Mo(92))Do + (Mo(@}))D1 — (%1 = ¢%)[Do, 85,1 =0

and
—%2]. [Mo, Do] + (8, (x1 — 9°))Dy = 0.

Similarly, we have
~(Mi(92 ))Do + (M1 (9 ))D1 + (x1 = 9")[Do, 01 =0
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and
(/’:lcj[Ml » D1] = (8, (x1 = 9")D; =0.

Therefore, [My, M;]1=[M,, M;j]=0 for j=2,--- ,n. Since
[M;, M;] = [~9% Do + ¢} D1 + 8y, , M;]
= ~93 [Do, M1+ (M;(93))Do + 03 D1, Mj]
— (M;(pL))Dy + [8s, , Mj),
by Lemma 3.4, it is enough to show that the coefficient of Dy and D; are
0. We note that Do(¢%) = Di(93) = (1/w)e, and Do(¢;) = Di(ps) =
(1/y)@l. . From the note above, the coefficient of Dy, which comes from
the terms (M;(¢2))Doy and [6x,, M;], is O. Similarly, the coefficients of D,
becomes 0. Therefore, [M;, M;]=0.
Lemma 3.6. Let Dy, D; and M; be as above. Then we have
[DODl s MO] = DODI s [DODI ) MO] = DODI >
[D0D19Mk]=0 fork=2,"',n,
[DoM;, Mo} = DoMj, [DoM;, M]=0 fork #0,
[D1M;, M\] =D\ M;, [DiM;, M ]=0 fork#]1
and
[MiM;, M1=0 fori,j,k=0,1,---,n
Proof. The proof immediately follows from Lemma 3.4, Lemma 3.5 and the
fact that [AB, C]= A[B, C]+[4, C]B .
From Lemma 3.6, we have the following lemma.
Lemma 3.7. Let P,(t, x, u, Du, D) be a strictly hyperbolic quasilinear operator
givenin (1.2). Let Xy and X, be characteristic hypersurfaces for P, intersecting
transversally. Suppose that 3y and X, are given locally by {x; = ¢°(t, x')} and
{x1 = @(¢, x')} respectively, with ¢°, ¢! € C}(Rx R""!) and y, # 0. Let

ue CR; H (R")NC'R; Hi-'(R"), s> 2 +4. Then the C? vector fields
tangent to both Xy and X, are spanned by My, M, --- , M, , and

n
[P, Mj1=Py+_rj(D)M; + hj(D), forj=0,1,

i=0

and . ‘
[P, M)l = r(D)M; +hj(D),  forj=2,--- ,n,
i=0

where ri;(D) = r;j(D3u, D*¢°, D*¢', D), h;j(D) = h;(D*u, D3¢°, D3¢p', D)
are first order operators.
Proof. The proof follows from Lemma 3.16 and the fact that [a4, B] = a[4, B]
— (Ba)A.

Now, we can state and prove the conormal regularity of a solution of equation
(1.1) with respect to a pair of characteristic hypersurfaces intersecting transver-
sally.
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Theorem 3.8. Let P, be as above and let Xy and X, be characteristic hy-
persurfaces for P, intersecting transversally in {t > 0}. Suppose that u €
C(R; HE (R"))NC!(R; Hl{.:‘(R")), s> 5 +4, and u satisfies the equation

OC
(3.16) Py(t,x,u,Du,Du=f(t, x,u, Du),
where f is a smooth function of its arguments. If Xy and X, are smooth in
{t <0}, and u e N5->*(Zy, X,) in {t <O}, then we have:

(1) T is smooth,

(2) %o and X, are smooth outside T,
(3) wu is smooth outside ZoUZX,,

(4) locally, u e N5>=(%y, X;).

Proof. By finite propagation speed and an analysis local in time, it may be
assumed that u has compact support in x for each ¢, and that £, and X,
are given by {x; = ¢°(t, x’)} and {x; = ¢!(¢, x')} respectively. Assume that
w; # 0. Then ¢° and ¢! satisfy (2.22). From now on, as a matter of notational
convenience, we use ¢ for both ¢° and ¢!. As we see in the proof of Theorem
3.2, p e C2(RxR*™!) and for sp=s5—-2,

(3.17) o(t, x') € C(R; H9(R"™'))

since s > 5 +4.

Let U stand for the vector of all derivatives of u# up to fourth order. From
(3.16) and the assumption on u, U € C(R; H*~*(R"))nC!(R; H*"3(R")) and
(3.18) Pyt, x,u, Du, D)U = g(DU),
where the right-hand side is meaningful as we noted in the proof of Theorem

3.2. Let M stand for the vector operator (1, My, M;,--- , M,). We note
that [M;, D] = h;(D*¢, D). From (3.18) and Lemma 3.7,

Py(t, x,u, Du, DYMU = [Py, M]U + M(g(DU))
(3.19) = P,U +¢(D)MU +d(D)U + (MDU)g'(DU)
= P(D)MU + G(DU),

where G(DU) = G(DU, D3p) and c¢(D) = c(D3u,D?*p,D),d(D) =
d(D3u, D3¢, D) and P,(D) = P;(DU, D?¢p, D) are first order operators.
The coefficients of P, are in C(R; H*~!(R*))n C!(R; H*~%(R")), while by
(3.17) and (2.22), G(DU) and the coefficients of P,(DU, D*¢, D) are in the
space C(R; H*~3(R")). It then follows from (3.19) and Corollary 2.6 that

(3.20) MU € C(R; H*4(R")) N C'(R; H~5(R™)).

In order to use the improved regularity of U, it is convenient to differentiate
(2.22) two times. It follows that there are smooth functions f; such that

(D*); = fi(Du(t, ¢, x'), Dp)D(D?p) + f(D*u(t, ¢, x'), D*p)
+ f5(D%u(t, ¢, x'), Do),

where D is the vector operator (Bx,> -+ » Ox,)-
Let ¢; = P9l —plpd , &0 =LY, L% and &' = L], L}, where L} =
J J

(W/w)@ + 928y ), Ll = (w/w)(B + 9}6x ) and
L? = L} = (l/'//t)(‘_'//xj Or+¢;0x + Wtaxj )-

(3.21)
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We note that [L, D] = k(D?y, 6, 0x )+k(D*y, D?¢p, 8y ) for L€ Z0uZ".
Since 8, = (v;/w)L; and 0 = (t//xj/t//)f,l — L; away from y =0, where
Ly = (y/y)o: and Lj = (1/y1)(~yx 0 + widx)), D(D*p) = I(Dy) (LD?¢)
away from {y =0}. ‘ ‘

Since (Lv)(t, ¢*, x') = L(v(t, ¢*, x')) for L € &*, i =0, 1, it follows
from applying L € & to (3.21) with ¢’ in place of ¢ respectively, that there
are smooth functions F; away from y =0 such that

(LD*’) = Fi(Dutt, o', %), Do")D(LD?")

t

(3.22) + F(D*u(t, ¢*, x'), D*¢', D*y)(LD?p')
+ F3(LD3u(t 5 ¢i ) x,) 5 D2¢i > DW)'

Since DMD3u = MD*u+[D, M]D*u € C(R; H*~%(R")),, we have MD3u €
C(R; H-3(R")). By Corollary 2.12, {.D3u(t, 9', x') € C(R; HS~4(R"*1)).
Therefore, Corollary 2.12 implies that LD%p € C(R; H%2(R""1)).

The functions ¢’ (and hence y ) are not necessarily smooth across {¢° =
@'} (thatis, {¥ = 0}), as is known from the example of Messer [9]. On the
other hand, I itself (defined by {y = 0}n{x; = 9°} ) will be seen to be smooth.
In order to avoid the functions ¢’ on the set {y = 0} N {x; = ¢°}, we use -
finite propagation speed and analyze regularity separately in the past and in the
future.

Since y; # 0, by the implicit function theorem, there is a function ¢ = 7(x’)
such that y(7(x’), x’) = 0. Therefore, I" can be expressed by {(¢, x;, x’) :
w(z(x'), x") = 0y n{(t, x1, x') : x; = ¢%z(x), x")}. For sufficiently small
€>0,let

Ry={(t, x1,x): t+€|lx; — 9°z(x"), x')|* < 1(x")},
Ry={(t, x1, x'): t+€|x; — p°(z(x"), X)|* > 7(x")},
R3; =R™!\(R, URy).
On Rj3, u is smooth away from I" by finite propagation speed. Therefore, we
will consider the lower region R; and upper region R;. Let
MR _{Mj on R; fori=1,2,
/710  otherwise .

Then we have Lemma 3.7, (3.19), (3.20) and (3.22) for Mf" . Applying M&:
to equation (3.19), we obtain the equation

Py(MRi)2U = Pp(D)(MR:)2U + Goy(DMR U, MR D?yp).
From (3.22), MRiD2p € C(R; H%~2(R""!)) and then, by Corollary 2.12,
(3.23) (MR Y2U € C(R; H—4(R")) n C'(R; H*~5(R")).
Applying L € Z" to (3.22), we have the equation
(L’D?¢"), = Fiy(Du(t, ¢', x'), Dp*)D(L*D?p")
(3.24) + Fy(LD?u(t, ¢*, x'), LD*¢’, D?y)(L*D?*p?)
+ F3(L2D3u(t, ¢', x'), LD*¢", LD?y).
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A similar argument as above implies that L2D2p € C(R; H%~2(R""1)).

By differentiating y(7(x’), x’) = 0 with respect to x;, we have

. ot . 9t W (T(x), x')

(3.25) wi(z(x'), x )a_Xj +¥x (1(x), x') =0 or o% - wE, X
Therefore, the regularity of I" depends only on the regularity of ¢ since 7(x’) €
C?(R*!) and y = ¢ — ¢! . More precisely, we have the following:

On I', the vector fields M,,--- , M, are equivalent to the vector fields
Ox,,*+ , Ox, and, from (3.25)

2

' ot B¢ .,

r, (p(x(x'), x) = 22 (a(x), ) 2% 5 * 5 (1) X)
3.26 ‘/’ j Nt / N
(3:26) = —ZL(x(x), ) (e(X), X') + 3y p(T(x), X)

= (Mjp) (1(x), x').
Therefore, the improved regularity of ¢ with respect to M,;, --- , M, implies
the improved regularity of ¢(7(x’), x’) with respect to &,, --- , 8, and of
7(x’) with respect to 9,, --- , 8, since we can write (3.25) as
9t Wx (T(x), x') N "

(3.27) 6_x, = "W =F (¢xj(1'(x ) X'), @e(T(X), x )) >

where F is a smooth function of its arguments. Moreover, from (3.26),

0%t 1 ot o1
5.0x w2 I\ max TV Vit ¥y, Yugx Vi,

l .
=—3 ('//txj '//xj Y — '//x,.xj Wi — Wx/ YnWx, + Vix, Wt‘/’x/) s

t

evaluated at (7(x’'), x'), and

85, (85, (9(x(x"), x')))

ot
((otta +(0tx) (0t6xax + @i, 5 ax, + @x.x,
= (MiM;9) (1(x') X)

Suppose inductively that (3.17) is improved to L¥xD?¢p! € C(R; H%~2(R""1))
and (3.23) is improved to (M®%)**'U € C(R; H*"*(R")) n C'(R; H*3(R")).
From the analogue of (3.24) for L¥*1D2¢! and Corollary 2.12, it follows that,
on each R;,

9 € C(R; H.\‘o+k+l(Rn—l)) n---N Ck+1(R; H% (Rn—l)) ,

since 8, = (y;/w)L; and &, = (vx, Jw)L, — L;. Then, an equation sim-
ilar to (3.19) holds for (MZ:)*+2U with coefficients depending smoothly on
D(MR)k+1 and (MR:)k+1D2g | that is,
Py(t, x, u, Du, D)(MR)k+2y
= P42 (D) (MR F2U + Gy (D(MR)HU, (MR D),
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where P42 (D) = Py42) (DU, D*p, D) is a first order operator. Conse-
quently, (3.20) may be improved to (MR )**2U e C(R; H"4R") n
C!(R; H*—5(R")). Since an equation of the form (3.24) holds for Lx+2D2¢p!,
that is,
(L¥*2D2p"), = Fyk42)(Du(t, ¢, x'), Do)D(L¥+2D%p")

+ Fyges) (L' Du(t, o', x'), LDg*, D*y)(L*+2D%p")

+ Fypesy(L¥2D3u(t, o', X'), L1 D%o!, L¥*1D?y),
it follows that (3.17) is then improved to ¢ € C(R; H%***2(R*-!)) on each
R;. At the same time, the regularity of I is improved along with the regularity
of ¢ by (3.27). The induction step is complete. Therefore, the regularity of I"

and the characteristic hypersurfaces Xy, X; away from I', and the conormal
regularity of u are established.

Lemma 3.9. Let P, be as above and v(t, x) satisfy the equation Pv(t, x) =
g(Dv), where g is a smooth function of its arguments. Let, for all k, , --- , k,
and for s > % +4,

(x,axl)k‘ (axz)kz (6x,,)k" v(0, x) € H*"4R"),

(x,axl)k‘ (6x2)k2 (ax")k" v,(0, x) € H3(R").

Then, for any k > 0, xkakv(0, x), xfajglv(o, X)) Xhty=k xfa,ﬁ:a;jv(o, x)
and E,I+,2=kx{‘8,ﬁ‘lai§v(0,x), where I, > 0 and j > 0, are in the space
Hs—4(Rn) .

Proof. We prove this by induction on k. For k=1, x;8v(0, x) € H~4(R")
since O (x10,)v(0, x) = 9,v(0, x) + (x10x,)v:(0, x) and axj (x10,)v(0, x) =
x10x,v,(0, x) are in the space Hs—3(R™). Also x10x v(0, x) € Hs—%(R") by
the hypothesis. Suppose that the lemma is true for k — 1. Note that (x; Ox, )k
is a linear combination of x8 , -, x{‘&,’,‘l . Therefore x{‘:’:))’fl is a linear
combination of (x)9y, ), - ,(x18x ) and so x{‘ajfl v(0, x) € H*4(R") and
x{‘c’*)}l v,(0, x) € H-5(R"), for 1</ < k, by the induction hypothesis.

For /; = 1, we want to examine the regularities of (x{‘B,a]fl")v(O, x) and
xfa,a,g-lv(o, x). Since O (xfa0f~"w(0,x) = kx{f-‘a,';-*v,(o, x) +
x{‘afl'v,(O, x) and ij(xf‘a,a,ﬁ")v(o, x) = x.(x{‘-‘a,ﬁ-l)(axj)v,(o, x) for j
>1, (xfa,a,g-')v(o, x) € H**R"). Similarly (x{‘&,@i‘j“‘)v(o, x) is in the
space H*~4(R") for j>1.For /; > 1, 8} = P+ a;j(Du)dy, 0x, from (1.1)
and so

xFofv(0, x) = xk82 (8} *v)(0, x)
=xfPV(0, x)+xFy aij(Du)(8x,8x, V)(0, x)

= x{2(DV)(0, x) +xf D a;;(Du)(8x, 85, V)(0, x),
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where V(t,x) = 8f%v(t,x) and P,V = g(DV) given by differentiating
Pv = g(Dv) by 8,"’2 . Therefore, by the induction hypothesis and Schauder’s
lemma, xf9fv(0, x) € H*~4(R"). Similarly,

x£6,02v(0, x) = xK62 9(8, ""v)(0, x)
and so xf9, ‘6x v(0, x) € H*"*(R"). This completes the proof of lemma.

Theorem 3.10. Let P, be as above and let £y and X, be characteristic hypersur-
faces for P, in t > 0 intersecting transversally in t =0, with T = Zoﬂzl . Sup-
pose that Ty and X, are given locally by x; = ¢%(t, x') and x, = ¢'(¢t, x') re-
spectively with y, # 0, where y = ¢°—¢' . Suppose that u € C(R*; HS (R"))N
C!(R*; HS‘I(R")), s> % +4, and u satisfies the equation
Pyt,x,u,Du,D)u= f(t,x,u, Du),

where f is a smooth function of its arguments. Suppose that T is smooth. If
u(0, x) and u,(0, x) belong to N*-°°(I'), then we have:

(1) X9 and X, are smooth,

(2) u is smooth outside o UZX,,

(3) locally, ue N*->°(Zy, %) .

Proof. By finite propagation speed and an analysis local in time, it may be
assumed that u has compact support in x for each ¢. From now on, as a
matter of notational convenience, we use ¢ for both ¢° and ¢!. As we see in
the proof of Theorem 3.2, ¢ € C*(R* x R*~!) and for sp =5 -2,

(3.28) o(t, x') € C(R*; H5(R"™1))

since s > 7 +4.

Let U stand for the vector of all derivatives of # up to fourth order. By
a smooth change of variables, we may assume that I' = {x; = 0} Then the
vector fields tangential to I" are generated by x; 8?:, R 3iz y Tt ax .

Let M stand for the vector operator (1, My, My, --- , M,). We note that
[M;, D] = h;(D?*p, D). From (3.19),

Pt,x,u,Du, D)MU = P|(D)MU + G(DU),
where G(DU) = G(DU,D3p) and c¢(D) = c(Du,D%*p,D),d(D) =
d(D3u, D*p, D) and P;(D) = P,(DU, D?*¢, D) are first order operators.

The coefficients of P, are in C(R*; H*~!(R"))n C!(R*; H"2(R")), while
by (3.28) and (2.22), G(DU) and the coefficients of P;(DU, D?*¢, D) are in
the space C(R*; HS75(R")).

Since (0, x) and u,(0, x) are conormal with respect to I", we have

(xlax‘)kl (6):2)](2 - (85,) U0, x) € H4(R"),

k k
(118¢) " (85)" -+ (8,)"" U0, x) € TS (RY).
Since ¢%(0, x') =0 = ¢!(0, x’), by Taylor’s Theorem, for i =0 and 1,

1 .
9'(0, x) = t/ pi(st, x')ds =tg'(t, x'),
0

where i(t, x') = %&-(¢, x').



QUASILINEAR WAVE EQUATIONS 29

Let = 90— p!. Then y = ty7. We note that ¢! = ¢i+t¢{,¢§j =
1% s Yx, = tyx, and

¢; =000 —olod =1(9°0L — 1906} —9'62 ~ 1914 ).

Therefore, ¢;(0, x’) =0, and Yx, (0,x)=0.
We want to examine the regularity of MU(0, x) by using the conormal
regularity of the initial data. First, from (3.13)

(MoU) (0, %) = = (31 = 9°(0, %)) 5-(0, %) (3 + 9}(0, )05, ) U, x)
= —2-(0, X)) (1) U(0, x) - 9}(0, ) (xdy, ) U(0, x).
Vi !

Since 9, (x19;) U(0, x) = U(0, x)+(x10x )Uy(0, x) € H*~>(R") and 9y (x19,)-
U,x) = (xlaxj)U,(O, x) € H3®RMY), (x,0,)U(0, x) € H*~*(R") and so
(MpU) (0, x) € H4R™).
Second,
(M,0) (0, %) = (x1 = 9'(0., %)) 5-(0, ¥) (01-+ 92(0, )05, ) U,

= %(0: xl) (xlal) U(O, X) + T//l—t(o’ x,)¢t0(03 x/) (xlaxl) U(O, x).

Therefore (M;U) (0, x) € H*-4(R"). Finally, for j=2,--- , n,
(M;U)(0, x)
= %(0’ %) (-¥,(0, x)8U(0, x) + ;05 U(0, x) + wid; ) U(0, x)
=09, U(0, x),

and so (M;U) (0, x) € H"4(R").
It then follows from Corollary 2.6 that

MU € C(R*; H*~4R")) n C!(R*; H*~5(R")).

In order to use the improved regularity of U, it is convenient to differentiate
(2.22) two times and then we get (3.21).

Let .Z% and #! be as in the proof of Theorem 3.8. As we see in the
proof of Theorem 3.8, it follows from (3.22) and Corollary 2.12 that LD?¢p’ €
C(R*; H%2(R""1)) since LD?¢p!(0, x') € H%2(R*"1),

Applying M to equation (3.19), we obtain the equation

P(M?U) = Ppp(D)(M*U) + G3(DMU , MD?9p),

with Pj; = P;;(DU, D%p) a first order operator.
From (3.22), MD?*p € C(R*; H%~2(R""!)) and then, by Corollary 2.12 and
Lemma 3.9,

(3.29) M2U(t, x) € C(R*; H*=4(R")) n C}(R*; HS-5(R™)).
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Applying L € &' to (3.22), we have the equation

(L2D%") = Fa(Du(t, ¢', x'), Dp")D(L*D')
t
(3.30) + Fn(LD*u(t, ¢', x'), LD*', D?y)(L*D?p)
+ Fyp(L*Du(t, ¢', x'), LD*¢’, LD?y).

A similar argument as above implies that L.2D?p € C(R*; H% 2(R"-1)).

Suppose inductively that equation (3.28) is improved to L*XD2%p! ¢
C(R*; H~2(R™-1)) and (3.29) is improved to M*+1U € C(R*; H*—4(R")) N

C!'(R*; H*=3(R")). From the analogue of (3.30) for L¥*!D2¢p’ and Corollary
2.12, it follows that

= C(R+; Hso+k+l(Rn—l)) n---N Ck+l(R+; HSO(R"'I)) ,
since 8 = (y;/y)Li and 8x = (yx /¥)Li — L;. Then, an equation similar

to (3.19) holds for M**+2U with coefficients depending smoothly on DM*+1U
and M*+!D2p | that is,

Py(t, x, u, Du, D)M*+2U
= Pies2)(DYM*2U + Gy (DM*1U , M¥1D2p),

where Pyi2)(D) = Pyi2) (DU, D?¢p, D) is a first order operator. Conse-
quently, (3.20) may be improved to

MU € C(RY; H*(R")) N C'(RY; H*5(R")).
Since an equation of the form (3.31) holds for L¥*2D2¢p’, that is,
(L¥*2D?¢"), = Fypsa)(Du(t, ¢', x'), Dp)D(L*+2D%p")
+ Fyea)(L*'Du(t, ', x'), LDo¢", D*y)(L***D?¢’)
+ Fyea)(LX2D3u(z, o', x'), L¥*'D%p!, LF*1D?y),

it follows that (3.28) is then improved to ¢ € C(R*; H%*k+2(R*=1)) . The
induction step is complete. Therefore, the conormal regularity of u is estab-
lished.

4. PIECEWISE SMOOTHNESS

In this section, we will consider the piecewise smoothness of a solution u of
the equation P;(¢, x, u, Du, D)u = f(Du).

Definition 4.1. Suppose that an open set Q in R"*! is divided into finitely
many open components, Q; , by a family of C(R; HF_(R"))NC!(R; HL;'(R")),

T > %, hypersurfaces H,--- , Hy. A function u(z, x) is called piecewise con-
tinuous if its restriction to each ; has a continuous extention to £Q;, written
ue C(Q\Hl s T HN)'

When the H; are clear from the context we will just say that u is piecewise
continuous (p.c.). A function u(z, x) is called piecewise smooth if D°u is
piecewise continuous for all o, written

ue COO(Q\HI s T HN)
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In this section, by u being piecewise smooth we mean that D®u is piecewise
continuous for all |a| > k, for some k. Let & be an open neighborhood of
the origin and let Gy =& N {t =0}. Let Xy, X; and T be as in section 3.2.
With a slightly changed time coordinate, we may assume, by strict hyperbolicity
of P, and the hypothesis of Theorem 3.8 since I" is smooth, that I" divides
&, into two connected components and X, U X, divides & in four connected
components.

In order to treat piecewise smoothness, we treat the initial value problem, as
in Rauch-Reed [15], instead of making assumptions in {z < 0}.

Theorem 4.1. Let P, beasin (1.2) and let o and X, be characteristic hyper-
surfaces for P, intersecting transversally in {t =0} with I = Xy NX,. Suppose
that u € C(R; Hy (R"))NC'(R; H7'(R), s > 3 +4, and u satisfies the
equation

(4.1) Pyt,x,u,Du,D)u= f(t,x, u, Du),

where f is a smooth function of its arguments. Suppose that T is smooth. Sup-
pose that u(0, x) € Hi (R") and u,(0, x) € H.'(R") and u(0, x), u,(0, x) €
C>®(&\I'). Then u(t, x) € C®(O\Zy, ;).

Proof. We remark that the same argument as in section 3.2, except for the initial
value problem instead of the case in which the hypotheses are made in {¢ < 0},
implies that ¥y and X; are smooth away from I' and u € N5 *(%,, X;).
Therefore u is smooth outside ZoUZ; .

It suffices to prove the theorem locally. We use ¢, Dy, D; and M; as in
the proof of Theorem 3.8. We will show for each m >0, i+ j = m and for
all a, that

(4.2) D{DIM®v, DiD!M°w € p.c.,

where o = (ap, @1, - ,an), v = Do(D3u), w = D(D*u) and M is the
vector operator (Mo, M, , --- , M,). This will imply that the functions ¢° and
@! are themselves piecewise smooth and hence the vector fields have piecewise
smooth coefficients. Since Dy, D, and M = (M, --- , M) span T(R x R"),
this implies the desired result.

The proof is basically by induction on m. Recall from Theorem 3.8 that
M#D% e C(R; Hi;(R")NC'(R; Hi;*(R"), MP(D?p) € C(R; Hig*(R™1))
forall 8. For m =0 and o =0, since s > $+4, ¢(z, x') € C}(RxR""!) and
so v, w € C(RxR"). Suppose that M2v, M°*w € C(RxR") for |a|=k—-1.
Then

(43)  M;M°v = DyM;M*D3u + [M;M®, Dg)D%u € C(R x R").

By Lemma 3.4, [M* D] = f__fol Cj(k)DoMj , where cj(k) are constants de-
pending only on k. Therefore, M°v € C(R x R") for |a| = k. Similarly,
Mew e C(RxR").

In order to see the induction process more precisely, we prove (4.2) for m =
1. From (3.15) and the equation P,(D3u) = G(DD3u), v and w satisfy
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equations of the form:
(4.4)
n n n
Dow + rooMov + rjMyw + Z roij’U + Z rlej'w + Z rijMiMjD3u
j=2 j=2 i, j=2
= f(D*u,v, w, MDu, D*p)
and
(4.5)
n n n
Dyv + rooMyv + i Myw + Z roij’U + Zrlejw + Z rijMiMjD3u
j=2 j=2 i,j=2
= f(D*u, v, w, MD3u, D*p),
where f is a smooth function of its arguments. Therefore, by the case of
m =0, Dow and D;v are in the space C(R x R").
We apply M; to equations (4.4) and (4.5). Then we have
M,'Do'w = MiDl’U
= (M;roo) Mov + rooM; Mov + (Mir) Miyw + rijnM; Myw
+ Z (Miroj)ij + rojM,-ij + Z (M,-rlj)Mjw + rle,-Aljw
J J
+ Z (Mrjk)M,-MkD3u + rjkMiMijD3u
N
+ g(M;D*u, Myv, Myw , M;MD*u, M;D*p),
where g is a smooth function of its arguments. Therefore, by (4.3) and since
M;D%¢ € C(R; H*~%(R")), we have M;Dyv, MiDyw € C(R x R*) for all
i=0,1, --, n. By an induction argument and improved piecewise regularity
of ¢ with respect to M;, we have

M®Dyv, M*Dyw € C(Rx R") for all a.

In order to show that Dyv is piecewise continuous, we apply Dy to equation
(4.5) to obtain the equation
Dl(DQ'U) + (Doroo)Mo’U + rooMyDov + (Dor“)Ml'w + riiMDyw
+ > (Doroj)Mjv + rojM;Dov + Y (Dory ;) Mjw + ry;M;Dow
j j
+ 3 (Dorjx) MM, D*u + rj M; M. DoD*u
ik
= flzDoDzu, Dyv , Dow , MDoD3u, DyD*p),
or
(4.6) Q.(Dov) + go(D*u, v, w, MD*u, D*¢)(Dov) = g1,

where Q, = D, +"00M0+Z;-'=2 rojM;, go is a smooth function of its arguments
and g; is a smooth function of its arguments DoD?u, DyD?¢p, Mov, Mw,
M\ Dyw, Mjv, Mjw, M;Dyw, M;M;D3u and M;M;v . By applying D, to
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equation (3.21), we have the equation of form (3.22) replaced L and L by D;
and #8, . Therefore, we have

(4.7) Q(DoD*p') = G1(DoD*¢') + G,

where Q =8, — f'(Du(t, ¢, x'), Dp) ¥}, 0x, and G, G, are smooth func-
tions of their arguments. Since Q is transversal to Xy, X; and {t = 0} by the
slightly changed time coordinate, DoD?g is piecewise continuous by Lemma
4.2. Here we use the fact that piecewise continuous functions form an alge-
bra invariant under composition with C> functions. Therefore, (4.6) can be
written as

(4.8) Q+(Dov) + (p.c.)(Dyv) = p.c.

We note that Q. is a vector field transverse to X; and t=0. Since t=0
is a noncharacteristic hypersurface, all derivatives may be computed from the
initial data at ¢ = 0 and thus Dyv(0, x) is p.c. Therefore, by Lemma 4.2, Dyv
is p.c. on &\X,. A similar proof for Q_ = Dy + r;; M; + Z;Lz rijM; shows
that Dyw is p.c. on &\X;.

In order to show that DoM;v and DiM;w arep.c. for i=0,1,--- , n, we
differentiate (4.6) with respect to M;. Then we have

(4.9) Q+(M;Dgv) + (ho)(M;Dov) = (h1),

where Ay and h; are smooth functions of their arguments, which are all p.c.
Note that DyM;D?p is piecewise continuous by similar arguments as above
after applying M; to equation (4.7). DoM;v satifies an initial value problem
of the form (4.11), and then, by Lemma 4.2, DyM;v is p.c. on #\Xy. A
similar proof for Q_ = Do+ r M, +2;?=2 rijM; shows that Dy M;w is p.c. on
@\X, . Again, by an induction argument and improved piecewise regularity of
@ with respect to Dy, D; and M;, we have

M*Dyv, M°Dyw € C(RxR")  forall a.
We assume that (4.2) and DjDJM*v, DiDM*w , hold for i+j=m—1.
Then we will show that (4.2) holds for m. Using the induction hypothesis, it
follows from equations (4.4) and (4.5) that

DiD{M°w e p.c. ifix>1,

DiD{M°v e p.c. ifj>1.

Therefore, it remains to show that DM*v and D*M°w are p.c. We will
work on the v terms: the w terms are treated similarly.

By applying D{,"“ to (4.6) and using the induction hypothesis, we obtain an
equation
(4.10) 0.(DFw) + (p.c.)(D§w) = p.c.
Therefore, by a similar argument to that given in the case m =1, Dftv is p.c.
on &\Xy. A similar proof for Q_ shows that D"w is p.c. on &\Z,. This
completes the proof of (4.2) for a =0.

In order to consider the case |a| = 1, we differentiate (4.10) with respect to
M; noting that the p.c. terms remain p.c. Note that by the arguments as above
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piecewise regularity of ¢ with respect to Dy and M; is inductively improved.
Then we have
Q+(M;Dg'v) + (Ho)(M;Dg'v) = H,.

M;Df'v satisfies an initial value problem of the form (4.11). Therefore, by
Lemma 4.2, we can conclude that Df'M;v is p.c. on &\Z,. Similarly, D" M;w
is p.c. on #\Z,; and we have proven (4.2) in the case |a| = 1. The general case
is proved in the same method by induction on |a|. The proof of the theorem
is completed, except for Lemma 4.2.

Lemma 4.2. Suppose that A(t, x) and F(t,x) are p.c. on G\LyUZX,. Then
the initial value problem for the linear equation

(4.11) Qiz(t, x)+ A(t, x)z(t, x)=F(t, x)

has a unique piecewise continuous solution on @\Xy if z(0, x) is piecewise
continuous on Gy\I'. Here Q. is a first order operator with piecewise continuous
coefficients as described after (4.6).

Proof. The argument is similar to that in Rauch and Reed [15] except that the
coefficients of Q, are merely assumed to be piecewise continuous instead of
smooth.

I thank Professor Michael Beals for help in completing this paper. Most of
this work is my Ph.D thesis, and the rest was written while in communication
with him.
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